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ABSTRACT
Liao, Cong Ph.D., Purdue University, August 2018. Nested Planetary Geartrain
Design for Vibration Reduction Using Augmented Direct Gear Design Methodology.
Major Professor: Haiyan H. Zhang.
The Noise, Vibration and Harshness (NVH) of a vehicle is one of the decisive
indices of vehicle performance in terms of objective measures and subjective quality.
The compact co-axial planetary geartrain of the automatic transmission, with its
advantages of high gear reduction, controllable power split, distributed torque on
multiple gears, and the ability to shift under load, is an irreplaceable core
component in a vehicle’s powertrain. It plays an important role in providing a
smooth, stable, and quiet ride. However, due to the complexity of planetary
gearsets and various operating points of engine-transmission power matching, the
planetary geartrain is also identiﬁed as one of the major contributors to noise and
vibration. The vibration reduction of the planetary geartrain is essential for
attenuating the vehicle’s NVH.
Over the past two decades, an increasing number and wide range of research
topics have been conducted on the mechanism and prediction of the planetary
gearset noise and vibration. Finite Element Analysis provides high ﬁdelity tooth
contact modeling analysis of a planetary gear set. The lumped parameters modeling
was largely adopted to discover the dynamic behaviors of gearset such as vibration
mode properties and forced responses. Planet load sharing and planet phasing have
been investigated and proven to be greatly related to gear noise and vibration. The
tooth proﬁle modiﬁcation exploration showed numerical evidence of the eﬀectiveness
of reducing the mesh forces so as to reduce the resonances in planetary gears. Other
topics, relating to planetary gear noise and vibration such as component elasticity,
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high-speed eﬀect, manufacturing error and experiment validations etc., were also
widely discussed. A few studies were conducted on the dynamic issues of compound
planetary geartrain, however, little attention was paid to the nested planetary
geartrain. Despite its long history and wide usage, the planetary geartrain still
experience noise and vibration issues which need to be explored and solved.
Direct Gear Design is a new gear design method that ﬁnds its applications in
various ﬁelds, such as aerospace, agriculture, automotive, robotics, etc. It focuses on
customized tooth macro geometry optimization, symmetric and asymmetric teeth,
gear performance maximization and gives a ﬂexible approach to gear design.
However, it does not involve the tooth micro-geometry such as tooth proﬁle
modiﬁcation that greatly aﬀects gear NVH. This dissertation augments the method
by adding micro geometries to the proﬁle expressions. A function on Line of Action
is developed to describe the true proﬁle which diﬀerentiates from the pure involute
proﬁle. The augmented method is used for gear mesh process analysis, meshing
stiﬀness derivations and initial proﬁle modiﬁcation selection.
Analyses for eﬀect of micro geometries were conducted through Romax by
evaluating Transmission Error (TE) and amplitude of teeth harmonics. The results
show a great reduction on both the Peak to Peak Transmission Error (PPTE) and
the teeth harmonic amplitude, thus the excitation to the geartrain can potentially
be decreased. Design for Six Sigma (DFSS) method was adopted to determine the
optimal combination of proﬁle modiﬁcations that are suitable for multiple work
conditions. Unfortunately, the eﬀect of phasing on geartrain dynamics was not able
to be performed due to the limitation of the software. An analytical model is
necessary to address this factor as well as the body ﬂexibility in the future.
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CHAPTER 1. INTRODUCTION
A typical planetary gear set has four members: the sun gear, the ring gear
and the carrier which are co-axial to each other, and the planet gears whose axes are
grouped to be carried by the carrier and simultaneously mesh with the sun gear and
the annulus. The nested planetary geartrain combines two planetary gear sets
radially by integrating the annulus of the inner gear set and the sun gear of outer
gear set in one component. The integration brings a ﬂexible arrangement and an
even more compact package for the automatic transmission, which will save space
on passenger cars with the front transverse engine.

1.1 Overview
Gears and gear drives have been known and applied for hundreds of years as
signiﬁcant components of mechanisms and machines. Planetary gearsets are
commonly employed to transmit torque and speed in various industrial applications.
A planetary gearset has four members: the carrier, the ring gear, the sun gear, and
the planet gear(s), the ﬁrst three of which are referred as central members. The ring
gear, sun gear and the planet gear are usually named as ring, sun and planet,
respectively, for simpliﬁcation. All the central members are coaxial and rotate
around the same axis.The planet gear rotates about its own axis which is ﬁxed on
the carrier. Diﬀerent from the regular parallel axes gearset with one mesh, the
planet gear simultaneously meshes with both sides: externally with the sun gear and
internally with the ring gear. The number of planet gears is normally more than one
for practical applications, depending on the load and packing requirement of the
system. A schematic of a planetary gearset with four planet gears is shown in
Figure 1.1. The carrier is set as transparent to make the planet gears more visible.
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Figure 1.1. A schematic of a planetary gearset including a sun gear, a ring gear, a
carrier and four planet gears

A planetary gearset is a rotary system with prosperous dynamic behaviors.
The planet mode, rotational mode and transitional mode are three typical vibration
modes and they are well deﬁned when planets are evenly placed. The number of
teeth in contact varies periodically, inducing time-varying meshing stiﬀness, where
the planet-sun and planet-ring are coupled together. The coupled contact variations
on each planet interacting with other planets brings complicated meshing stiﬀness
contact ﬂuctuation. When the carrier rotates, the planet is carried, and revolves
both on its axis and the center member axis. The vibration mode generates complex
values and also aﬀects the natural frequencies (Cooley & Parker, 2014). At high
operation speed, the gyroscopic eﬀect may produce instability such as divergence
and ﬂutter instability (Cooley & Parker, 2013).
In this dissertation, the research objective is a nested planetary geartrain.
The nested planetary geartrain combines two planetary gearsets radially. Figure 1.2
(a) and (b) shows a outer planetary gearset and a inner planetary gearset,
respectively. The former has relatively larger size than the latter. By combining the
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Figure 1.2. (a) The outer planetary gearset. (b) The inner planetary gearset. (c) The
nested planetary geartrain combines two planetary gearsets radially by integrating
the ring gear of inner gearset and the sun gear of the outer gearset in one component
(Carriers are hidden).

ring of the inner gearset and the sun gear of the outer gearset in one component, the
two gearsets are nested and as shown in Figure 1.2 (c). The integration brings a
ﬂexible arrangement and even more compact package for the automatic
transmission in axial direction, especially saving space in the passenger cars with

4
front transverse engine (Schebel, Gegner, & Beeck, 2014). Demand for
high-performance gear transmissions is never ending, and NVH issues on vehicle
transmission must be addressed to meet the increasing demands from customers.
The nested structure couples two dynamic systems into one, introduces even more
complicated vibrational behaviors, and causes NVH issues to the vehicle
transmission. This dissertation investigated vibrant characteristics of the nested
planetary geartrain, reﬂecting tooth proﬁle micro geometries, planet location and
phasing, combined ring-sun phasing and compliance of component supporting, by
both analytical analyses and simulations. The internal and external gear meshing
stiﬀness with proﬁle modiﬁcations was analyzed by the augmented Direct Gear
Design method. The geometry eﬀects on the tool life is discussed at the end of the
dissertation, indicating the potential application together spatial machining mesh
theory to analyze the gear hobbing processes.

1.2 Signiﬁcance
The quality a vehicle is closely tied to its NVH characteristics. The
transmission system provides users with a smooth, stable, and quiet ride and has
been one of the most essential parts of the formula for a vehicle. Research on
transmission systems is a never-ending task, due to inexorably rising targets and
expectations of customers (Raichel, 2005). The compact co-axial planetary
geartrain of the automatic transmission, with its advantages of high gear reduction,
controllable power split, distributed torque on multiple gears, and ability to shift
under load, is an irreplaceable core component in vehicle powertrain. However, the
planetary gearset is a complicated system with rich dynamic behaviors. Due to the
complexity of planetary gearsets and various operating points of engine-transmission
power matching, the planetary geartrain is also identiﬁed as one of the major
contributors of noise and vibration. In recent years, along with the development of
vehicles using alternative fuels, more and more hybrid electrical vehicles (HEV) and
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pure electrical vehicles (EV) are shown in the market, and they are expected to
supersede the conventional vehicles in the forthcoming years. In the electronic drive
axle of the HEV and EV, planetary gearsets are still being frequently adopted in the
transmissions. While the electrical motor generates much less sound compared to a
internal combustion engine, not only do the structure borne vibrations need to be
considered, but also the airborne noises from the transmission are becoming more
obvious to customers. At the present and in the foreseeable future, the vibration
reduction of the planetary geartrain is essential for the vehicles NVH attenuation.
A nested planetary geartrain consists of two planetary gearsets which are
combined radially by integrating the ring of the inner set and the sun of the outer
set.The integration brings a ﬂexible arrangement and an even more compact
package for the automatic transmission in axial direction, especially space saving on
the passenger cars with front transverse engine (Schebel et al., 2014). However, the
nested arrangement couples two dynamic systems into one, thereby introducing
complex vibration behaviors, and causing NVH issues to the vehicle transmission.
Demand for high-performance gear transmissions is never ending, thus NVH issues
on vehicle transmission must be addressed and fulﬁll the increasing requirements
from customers. Previously, numerous eﬀorts were made on parallel axes gearset
(Haigh, Hofmann, & Bicker, 2007; Maclennan, 2002; Velex & Ajmi, 2007, et al.)
and regular planetary gearset (Ambarisha & Parker, 2007; Bahk & Parker, 2013;
Yuksel & Kahraman, 2004, et al.) in the ﬁeld of dynamics and vibrations. Some
compound planetary geartrains have a similar arrangement to the nested geartrain
and research on compound planetary geartrain were conducted on the dynamic
issues (Dhouib et al., 2008; Guo & Parker, 2010a; Kahraman, 2001; Kiracofe &
Parker, 2007, et al.). However, little attention was paid to the nested planetary
geartrain. The dissertation bridges the gap between the regular and compound
planetary gearset(geartrain), and the nested planetary geartrain on the topic of
noise and vibrations.
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Additionally, tremendous progress is being made in the ﬁelds of material and
heat treatment, surface engineering and coating, manufacturing processes and
tooling, as well as testing and diagnostics; however, there has been little signiﬁcant
development in gear design methodology for decades. This dissertation worked on
and further developed the Direct Gear Design methodology and applied it to nested
planetary geartrain design. Ultimately, a gear has to be manufactured, and the
hobbing is a very important process. The dissertation pointed potential application
of the augmented methodology together with the spatial machining mesh theory for
analyzing the gear hobbing processes and tool life of the gear hobs.

1.3 The Research Scopes
In general, this dissertation studies the nested planetary geartrain, in aspects
of the Lever Analogy analysis, phasing analysis, tooth proﬁle analysis, meshing
stiﬀness analysis, TE and teeth harmonic analyses. The augmented Direct Gear
Design is used to determined a initial involute modiﬁcation parameters, and the
DFSS method is utilized to select the combination of proﬁle modiﬁcation
parameters for a range of work conditions. The geometry eﬀects on the tool life was
also discussed at the end of the dissertation, indicating the potential application of
the method together with the spatial machining mesh theory for gear hobbing
processes analysis.
Over the last several decades, the development of gears mainly concerns
improvement of material and thermal treatment, manufacturing and tooling,
tribology and lubricants, tooth surface engineering, testing and diagnostics.
Constant demand to improve the NVH performance of gear transmissions has
resulted in increased researches on the gear noise and vibrations. By in large, there
has been no signiﬁcant development in gear design methodology for decades. The
Direct Gear Design method introduced by Kapelevich (2013) was developed over
the past thirty years.
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The integrated component with both external and internal teeth, acting as
sun gear and ring gear simultaneously, introduces complex dynamic behaviors to the
two level nested planetary gear train. The extent on how well the gearing meshing
process decides the accuracy of the calculation of the dynamic response. The
augmented Direct Gear Design is developed and applied to modeling the precise
meshing model with considering the micro-geometry modiﬁcations. After evaluate
the TE and teeth harmonics, a involute modiﬁcation is determined for the nested
planetary geartrain. After all the DFSS method is adopted to determine the
combination of the proﬁle modiﬁcation that introduces low noise and vibration to
the nested planetary geartrain.
An optimized gear design has to be manufactured. The manufacturing
technology is worth researching and cutting tool is especially important. Gear
hobbing is an eﬃcient approach to manufacture gears of high quality and
performance. The chip formation and tool wear mechanisms are associated with its
complicated kinematics. Spatial machining mesh theory is going to be utilized
together with the Augmented Direct Gear Design to develop gear hobbing
analytical model. The geometry eﬀects on the tool life will also be discussed at the
end of the dissertation.

1.4 Research Question
Research Question: Can a nested geartrain be designed and manufactured
that will produce less vibration to give a quiet and comfortable ride?

1.5 Assumptions
The assumptions of this study included:
• The foundation part of a gear tooth on a external gear was assumed to be
perfectly rigid. The foundation part of a gear tooth on a internal gear was
assumed to be rigid as well.
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• The foundation part of the rim component combined with both external and
internal gears was also considered rigid.
• The bearing stiﬀness was assumed to be constant based on engineering
judgment.
• The helical gear was assumed to be a twisted spur gear with unlimited slices.

1.6 Limitations
The limitations for this study included:
• This study was limited to research the symmetric involute gear proﬁle.
• This study was limited to research the cylindrical gears, including spur gears
and helical gears.
• This study was limited to research the cylindrical gears manufacturing method
of hobbing.
• This study was limited to research the involute gear proﬁle without tip
chamfer or ﬁllet.

1.7 Delimitations
The delimitations for this study included:
• This study was focused on developing a symmetric gear, asymmetric gear was
not involved.
• This study did not validate the gear design by manufacturing and experiment.
• Noise is a form of vibration of the air which is excited by vibrations of other
objects, so vibration is actually the root of the noise. While noise and
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vibration are always perceived simultaneously by hearing and touching, the
terms were put together usually. Whenever one of them is brought up in this
dissertation, they refer to each other unless otherwise noted.

1.8 Deﬁnitions
Direct Gear Design - Practical engineering implementation, the Direct Gear Design
Kapelevich (2013) is an novel gear development process, in which the
primary emphasis are on performance maximization and cost eﬃciency
without concerning any predeﬁned tooling parameters.
Driveline - assembly of driveshaft, ﬁnal drive and half shafts that transmit power
from the transmission to the wheels (Arafa & Megahed, 1999).
NVH - the abbreviation of Noise, vibration, and harshness. It aims to study and
modify the vehicle’s noise and vibration characteristics in order to achieve a
given performance target which includes physical matters (structural
dynamics, ﬂuid mechanics and acoustics) and physiology (human subjective
compression) (Wesley Blankenship & Singh, 1995).
Transmission - assembly of geartrain, case and control unit that transmit from the
clutch or torque converter to the drive shaft (Arafa & Megahed, 1999).
Transmission system - a set of assemblies that transmit power through them from
an automotive engine to the driven wheels. Normally, it contains clutch or
torque converter, transmission and driveline (Arafa & Megahed, 1999).
Transmission Error - speciﬁc concept for gearing process. Assuming that the input
gear is being driven at absolutely steady angular velocity and a steady
output velocity is supposed. Any variation from this steady velocity gives
variation from the correct position of the output and input is the
Transmission Error (Smith, 2003).
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Gearset - a set of gears containing at least a pair of gears so that power can be
transmitted from one axle to the another, or is a set of planetary gears of
four typical members: the sun, the annulus, the carrier and the planet.
Geartrain - a geartrain containing at least two meshing gears or two sets of
planetary gearsets.

1.9 Summary
This chapter stated the research scope and signiﬁcance, brought out the
research questions, and drew the assumptions, limitations, delimitations and
deﬁnitions. The related research and background of gear meshing, planetary gearset
noise and vibration, compound planetary geartrain noise and vibration, as well as
the gear manufacturing are reviewed in the next chapter.
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CHAPTER 2. LITERATURE REVIEW
Regardless of the long history and extensive application, planetary gearsets
and their combinations still experience noise and vibration issues. In automotive
applications, vibrations from the automatic transmission, most of which contain
several planetary gearsets, lead to noise that is perceived and considered as a
negative mark of vehicle quality. Research on the dynamics of the planetary gearset
is greatly helpful to understand its vibration characteristics, to ﬁnd out the root
causes and to provide solutions. Historically, people started to be interested in the
consideration of planetary gear dynamics in the 1970s, which is generally one decade
later than the start of research on parallel-axis gears dynamics (Cooley & Parker,
2014). Planetary gearsets are an interesting gear system with abundant dynamic
behaviors.This chapter outlines previous studies on vibration and dynamics
beginning at the elementary level of the gear meshing and ending at the system
level of planetary geartrains .

2.1 Transmission Noise and Vibration
The transmission is the assembly of the geartrain, shafts, bearings, housing,
and control unit that transmit energy from the clutch or torque converter to the
drive shaft. The geartrain is the core part of the transmission. Gear noise and
vibration are the main contributors of transmission NVH issue due to the gear
meshing.
Gear noise and vibration has been extensively researched. Most of the noise
produced by gear pairs are normally classiﬁed into two types: gear rattling and gear
whining (Henriksson, 2009).Generally, gear lashes under torsional ﬂuctuations
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causes gear rattle, while gear proﬁle and lead geometry, and contact mechanics are
the source of gear whine (Morgan, Dhulipudi, Yakoub, & Lewis, 2007).
Gear rattle can occur on lightly loaded gears when the gear teeth ﬂanks lose
contact and collide again. Rattling can be increased by exterior input load or
resistance load ﬂuctuations. A good example is the timing gears used in some
internal combustion engines in which the crank shaft can excite gear rattling due to
its periodic ignitions and internal explosions. The gear rattle occurs through teeth
separation and collision. Miura and Nakamura (1998) revealed that the peak of
phase diﬀerence between gear pairs can produce the separation. They also stated
that the collision can occur when the relative speed between the gears was too large.
Gear teeth ﬂank separation and collision are the main causes to the gear rattling
noise. The intensity of the teeth impact in correspondence with the relative velocity
and the amount of backlash. Huang and Abram (1999) concluded that minimizing
the backlash was a solution of reducing the amount of noise. The paper introduced
an anti-backlash gear (scissor gear) which brought a maximum 2.3 dB noise
reduction. There are many interesting studies on gear rattle, but the focus of this
dissertation is based on gear whine. In the following sections and chapters, gear
noise and vibration are are from gear whine.
Gear whine on the other hand stems from the relatively heavier loaded gears
that do not allow the teeth ﬂanks to lose contact. It is usually described by gear
mesh frequency or teeth passing frequency and their harmonics. Gear whine is
attributable to transmission error (TE) caused by tooth geometric imperfections in
the proﬁle, teeth bending, and the mesh stiﬀness occurring under load (Haigh et al.,
2007), and meshing misalignment due to the shaft, bearing and housing
compliances. Researchers and engineers have spent a lot of eﬀort to reduce gear
noise and vibrations through optimizing these three concerns. F. L. Litvin (1989),
and F. L. Litvin and Fuentes (2004) provide the gearing base theory and
applications of involute gears, especially for the geometrical issues.
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Transmission noise is commonly depicted as a source-path-receiver issue
where the vibration occurs at the gear mesh and is then transmitted via the air and
structure paths (Henriksson, 2009). Figure 2.1 demonstrates the paths of vibration
propagations: The gear TE, misalignment, meshing stiﬀness and other sources
excite the shafts and bearings. External excitation is also a source of vibration as
well as the bearings themselves. The vibrations pass through a solid path of
bearing-housing interfaces to the housing. Conversely, the vibration sources also
excite the air in the transmission chamber and radiate to the housing as well. Part
of the radiation transmit through the housing and part of it aﬀects the housing.
The housing is impacted by both the bearing and the air which also radiates the
noise. Air-borne noise is a combination of noise from both sources. The vibration
mechanically conveyed by contacting the housing is the structure-borne noise. A
computational process was developed by Gu and Velex (2013) that can predict noise
radiated from a gearbox housing. They developed a vibration to acoustic model of
system-level analysis that considered gears, bearings and shafts. The vibrations
propagation path, gear meshing actions-gear web-shafts-bearings-housing-air was
shown. The next subsection reviews the details of research contributions on gear
TE, misalignment, meshing stiﬀness and other sources of the gear noise and
vibration issue.

Figure 2.1. Gear noises and vibration in a geartrain system.

14
2.2 The Sources of Gear Noise and Vibration
Generally, a system with mass and stiﬀness can be excited by varying force
in either amplitude, direction or location where it is applied, and thus vibrates and
even causes noises. Involute gears have an inherent line of action (LoA) that gear
meshing force never changes theoretically: force direction keeps along the LoA, force
amplitude does not change when input torque is constant and contact ratio is a
integer, and the force is always applied at the tangent point of base circle. Involute
gears should be the quietest and smoothest gearing system in existence. However,
elastic deformation of gear teeth, compliance of gear support including bearings and
housing, manufacturing and assembling errors, and clearances of ubiquity cause
noise and vibration issues to involute gears.

2.2.1 Gear Transmission Error
The origin of TE was from Harris (1958) according to the review paper
(Munro, 1991). The TE was deﬁned as “an amplitude of divergence from perfect
motion transfer between the pinion and gear where perfect refers to inﬁnite stiﬀ
bodies with ideal involute tooth proﬁle and positioning” (Harris, 1958; Smith,
2003; W Gregory, L Harris, & G Munro, 1963). It is usually measured on the LoA
linearly, which means it also can be represented by angular motion on circle radii. A
gear’s tooth proﬁle can never be manufactured perfectly so that the TE naturally
exists. In addition, the teeth deﬂection under the transmissible load is a main
contributor of the TE. In experimental research, the TE was also coupled in the
deﬂection of gear shafts and webs of both pinion and gear because the motion was
measured on the shaft end (Randall & B, 1996).
Figure 2.2 shows that both gears will rotate a small amount of angle when
torque is loaded because of the teeth bending, and TE is introduced. In the
meantime, the premature engagements are potentially happening between
approaching and recessing ﬂanks because fo the impacts. Gear noise and vibration
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Figure 2.2. Loaded teeth deﬂection cause the transmission error and teeth premature
contact.

result from the undesired corner contacts which occur pitch cyclically. It is
interesting that people started paying attention to the gear noise and vibration
earlier than deﬁnition of the TE and applied tooth proﬁle modiﬁcation to reduce
the vibrations (Dudley, 1949; Walker, 1938). In the paper of Chung, Steyer, Abe,
Clapper, and Shah (1999), a 92% R2 correlation coeﬃcient was reported between
measured TE and measured hemi-anechoic normalized sound pressure level. It was
also claimed that the use of tooth load-deﬂection analysis had been identiﬁed as
giving a 5 dBA reduction of gear noise level, and further a proper gear blank tuning
could approximately reduce the peak noise levels by 10 dB. It reﬂected the
contribution of TE to the gear noise generation. Velex and Ajmi (2006) derived
some original equations which provide a simulation method of gear excitations
based on calculated or test TE. The formulations show that the excitation levels
induced from the time derivatives of zero-load TE are less signiﬁcant than those
obtained by quasi-static TE under load in the most practical conditions. The
drawback is that the method is more suitable for gears with narrow axial width.
The straightforward “analytical expressions of dynamic tooth loads derived in terms
of the harmonics of the quasi-static” was published separately in Velex and Ajmi
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(2007). Mark and Reagor (2007) also conducted the computation of static
vibratory-excitation contributions of TE from the gear tooth plastic deformation for
spur and helical gears.
Proﬁle modiﬁcation is a commonly used and eﬀective method to deal with
TE problem. A small amount of material is removed on tooth proﬁle but this makes
a big diﬀerence on gear performance. It is widely accepted that the gear whining
noise is strongly related to the TE. The proﬁle modiﬁcation reduces the source of
gear noise and vibration by compensating for the TE, reducing the impact at corner
contact and smoothing the meshing. In recent decades, numerous researchers have
made a lot of eﬀort to set up models in order to simulate the dynamic behaviors of
gear mesh (Kahraman, Ozguven, Houser, & Zakrajsek, 1990; Kubo, 1978; Nevzat
¨
Ozgüven
& Houser, 1988; Vedmar & Henriksson, 1998). The mathematical
formulations vary from single mass single degree-of-freedom (DOF) models to multi
rotational mass multi DOF models, and lumped parameters. Most dynamic models
reﬂect that the TE and sharp waved meshing stiﬀness are the major sources of
excitation (Velex & Ajmi, 2006). Tooth proﬁle modiﬁcations for gears with low
noise also relied on the minimization of TE (Munro, 1990; Tavakoli & Houser,
1986). A couple of research works were dedicated to understand the function of
proﬁle modiﬁcations in minimizing the ﬂuctuation of transmission errors under load
(Bonori, Barbieri, & Pellicano, 2008; Tavakoli & Houser, 1986; Wang, 2007).
Tavakoli and Houser (1986) developed a method to optimize proﬁle modiﬁcations
based on Fourier harmonics for spur gears. Their research indicated relieving both
the tip and root on both gears gave the best results. Yildirim and Munro (1999)
presented some new and promising design rules of proﬁle modiﬁcation for high
contact ratio and low contact ratio spur gears, which allowed a range of work loads.
However,Hsi Lin, Oswald, and Townsend (1994) showed that that some speciﬁc
proﬁle relief could dramatically decrease the vibration and noise of spur gears,
however, only at a speciﬁc load. For helical gear proﬁle modiﬁcations design,
numeric methods were adopted for optimizing. Andersson and Vedmar (2003)
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described a method that made it possible to predict the gearset dynamic behavior
aﬀected by diﬀerent factors such as the contact ratio or the tip relief amount before
it is manufactured.Ghribi, Bruyere, Velex, Octrue, and Haddar (2012) employed
Gaussian quadrature to search the optimum robust proﬁle modiﬁcations by
considering the inﬂuence of probability distribution, tolerance intervals and load
variation range for helical gears. Bruyère and Velex (2014) established some general
equations to deﬁne linear relief for minimizing the ripple of quasi-static transmission
errors (STE) during power transfer. A master curve was condensed, on which the
optimum extents/depths and the contact length reduction factor of relief could be
determined. Zeyin, Tengjiao, Tianhong, Tao, and Qiguo (2016) derived the tooth
proﬁle analytical models of perfect involute proﬁle, tip and root relief of helical
gears. They also developed a parametric program for analyzing radiation noise
aﬀected by the modiﬁcations.

2.2.2 Gear Meshing Misalignment
TE is the error that happens on the transverse plane of gear meshing, which
is perpendicular to the rotation axis. Another source that causes gear noise and
vibration is gear meshing misalignment which comes from nonparallel axes of the
gear pair. The axes becoming misaligned is the consequence of shafts or gear webs
deﬂection and displacement of the shafts’ supports, which are illustrated in Figure
2.3. The shafts and gear webs are of compliance that can be deﬂected under the
thrust forces (helical gears), as well as the bearings and housings deﬂection under
the radial forces. Simutanliously, the manufacturing errors can cause the shaft
support to oﬀ centered.
Gear misalignment always causes the edge contact between the one side of
gear on the lead direction and mate gear ﬂank. The edge contact leads to large local
stress and impact when teeth pass one by one. This initiates gear noise and
vibration (Tseng & Tsay, 2004). Compared to TE, misalignment is less complex
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Figure 2.3. Gear meshing misalignment caused by shafts and gear webs deﬂection
(left) and oﬀ center of the shaft supports (right).

and relatively easier to be solved by edge chamfering and lead crowning processes
during the manufacturing. As a matter of fact, edge chamfering does not always
work, if tooth surfaces of the chamfer and the conventional screw ﬂanks are not
smoothly connected the edge contact is not eliminated (F. Litvin, Gonzalez-Perez,
Fuentes, Hayasaka, & Yukishima, 2005). Crowning is a more workable way to avoid
the edge contact and also compensates for the misalignment from shafts by
re-localizing the contact zone between two teeth ﬂanks. F. Litvin et al. (2005) also
developed a crowned ﬂank topology of helical gear which can position the contact
point (region) in crowned areas when misalignments occur. The topology with a
smooth connection between crowned area and involute area was achieved by
regulating the path of a grinding wheel during ﬁnal teeth proﬁles generation. The
developed ﬂank had been successfully conﬁrmed by their tooth contact analysis
(TCA). Crowning is a great approach to cover gear misalignment and also reduces
the TE (Bellomo, Cricenti, De Vito, Lang, & Minervini, 2000), because the contact
zone is relocated to the involute area where the proper meshing at transverse section
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is ensured. Oh, Oh, Kang, Lee, and Lyu (2013) came to similar conclusions. They
found that lead modiﬁcation reduced the peak to peak transmission error (PPTE).

2.2.3 Gear Meshing Stiﬀness
Gear meshing stiﬀness is the stiﬀness along the LoA represented by gear
teeth elasticities. Due to the non-uniform tooth shape, moving contact point(s) and
variation in teeth contact when two gears are engaging to each other, the meshing
stiﬀness varies along the mating teeth approaching and recessing, thus it is also
called time-varying mesh stiﬀness.

Figure 2.4. Gear meshing stiﬀness is represented by elasticity of the teeth in contact

Time-varying mesh stiﬀness is a signiﬁcant factor of gearing dynamics which
makes the gearing excitable. It has attracted numerous research eﬀorts on gear
¨
meshing dynamic behaviors and reducing gear noise and vibration. Nevzat Ozgüven
and Houser (1988) reviewed the mathematical modeling of ”evaluation of the
dynamic factor, tooth compliance, gear dynamics, geared rotor dynamics, and
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torsion vibration”. A spur gear is a simpliﬁcation of a helical gear when the helix
angle equals zero. Scholars always started their mesh stiﬀness research with spur
gears. Yang and Sun (1985) derived a remarkable equation that showed the linear
relationship between input force and inter-penetration of two meshed teeth. This
relationship is a constant named the Herzian contact stiﬀness. They (Yang & Lin,
1987) then integrated the mesh stiﬀness with new aspects of bending , compression,
and Coulomb friction. The pattern of an alternative number of contact teeth also
developed to convert a single pair of teeth contact to two gears meshing. The
potential energy, also known as virtual energy method, was adopted by the
aforementioned researchers to derive the stiﬀness of gear meshing. Combining them
with Herzian contact forms the total mesh stiﬀness. This method was also applied
by later researchers. Liang, Zuo, and Patel (2013) brought in shearing energy
additionally to the calculation of mesh stiﬀness on both external and internal spur
gears. Mohammed, Rantatalo, and Aidanpää (2013) predicted “the mesh stiﬀness
with a constant crack depth for a slice along the tooth width” while considering the
eﬀect of all shearing, and compressive stiﬀness. In a lot of simpliﬁed models, mean
meshing stiﬀness was always chosen, ISO6366-1:2006-09(E) (2006) provided a
method of calculating the mean value of mesh stiﬀness.
Besides the analytical approaches of obtain gear mesh stiﬀness, FEA is also
commonly employed. Stiﬀness can be directly acquired by dividing applied force by
deformation in a FEA model. Arafa and Megahed (1999) utilized it to ﬁnd out the
nature of tooth deﬂection under load, evaluate tooth and mesh compliance, and
calculate load sharing between teeth. The authors concluded that tooth
deformation greatly depends on the load location along the tooth proﬁle rather than
mating tooth geometry. Brauer (2004) presented an approach of generating a
general ﬁnite element model of involute gears by mathematically describing involute
and ﬁllet curve in the transverse direction and their boundary points. Li (2007,
2008) performed analyses on the spur gear of eﬀect addendum on tooth ﬂank
contact stress and root bending stress, as well as eﬀects of errors from machining,
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assembly, and tooth modiﬁcation. Fernandez del Rincon et al. (2013) proposed an
advanced model for analyzing the contact forces and deformations in a spur gear
system. The deformation combined a global and a local term. The global term is
identiﬁed by the ﬁnite element approach, while the local term is derived analytically
using Hertzian contact theory.
With higher contact ratios, helical gears perform better than spur gears on
the aspect of NVH reduction; a large amount of relative research exists, concerning
helical gears. Wesley Blankenship and Singh (1995) introduced a new spectral mesh
stiﬀness in a linear time-invariant system that may be combined with large scale
modal analysis of a gear system. Cai (1995) proposed a simple modiﬁed stiﬀness
function for a pair of helical gears, taking the eﬀect from tooth numbers and
addendum modiﬁcation coeﬃcients into the calculation, and validated the function
comparing with theoretical and experimental models. This function also considered
the nonlinear tooth separation phenomenon under the assumption of no shaft
run-out or spacing error. Andersson and Vedmar (2003) calculated the stiﬀness of
one tooth and the load contribution of the elliptic distributed tooth load with the
FEA method. Hedlund and Lehtovaara (2007) analyzed the helical gear tooth
contact and introduced a calculation model. The model used 3D FEA for
computing tooth bending, shearing and tooth root ﬂexibility combined with contact
analysis, to avoid reducing the element size. It was found that tooth foundation
ﬂexibility played a more essential role in contact load distribution between the
meshing teeth than contact ﬂexibility, which indicated that tooth contact could be
assumed to be rigid and a reasonable distribution of meshing tooth is maintained.
Then they (Hedlund & Lehtovaara, 2008) developed a numerical model for
evaluating mesh stiﬀness variation parametrically, which induced excitation for
helical gears. In both time and frequency domains, the same approaches were
employed to obtain mesh stiﬀness variation. Fang, Wang, and Li (2012) proposed a
corner meshing impact, which is one aspect of gear mesh stiﬀness and excitation for
a nonlinear dynamic model of helical gear transmission.

22
Besides minimizing the TE, proﬁle modiﬁcation is convincingly related to the
gear meshing stiﬀness which strongly aﬀects the geartrain dynamics, thus the noise
and vibration. As discussed, the gear tooth is of compliance and appears as meshing
stiﬀness during the gearing, and the number of pairs of teeth in contact vary
periodically due to the contact ratio. At each point of switching the number of teeth
engaged, the stiﬀness changes suddenly and causes impact and non-linear behaviors
which are the sources of the gear noise and vibration. Proﬁle modiﬁcation is a
micro-scale (microns) operation on tooth proﬁle which has negligible inﬂuence on
the tooth proﬁle curvature and the single tooth stiﬀness (Liu & Parker, 2008), but
it softens the micro processes of gear teeth approaching and recessing, and aﬀects
the dynamic manners. In the research of Liu and Parker (2008), parametric
resonance of the mesh stiﬀness near fundamental frequency can be counteracted by
an optimized proﬁle modiﬁcation. Chen and Shao (2013) also found that the abrupt
meshing stiﬀness at the transition region was smoothed with the tooth proﬁle
modiﬁcation (TPM), and smoothness is controlled by the length and the amount of
TPM. The authors also observed the length of multiple teeth engaged in regions of
high contact ratio (HCR) gear pair and low contact ratio (LCR) gear pair and
found them to have diﬀerent sensitivities to the relief length and amount. However,
the noise and vibration deduction purposed TPM could reduce the variations of TE
and load capacity, simultaneously, due to the narrowing of multiple teeth contact
region, so that a trade oﬀ should be considered.

2.2.4 Other Sources
As with the transmission error, misalignment and meshing stiﬀness, friction
forces exist and alternate periodically in the same time and are also sources of gear
noise and vibration. The process of two conjugated teeth coming in contact then oﬀ
contact is a combination motion of rolling and sliding. The sliding direction reverses
at the pitch point when the every tooth passes by the intersection of LoA and the
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center line of two gears. In the same way, periodical friction forces result in
excitation meshing and production of gear noise. The friction also induces the
friction bending eﬀects which are critical to parametric instabilities (Liu & Parker,
2009).Liu and Parker (2009) and He, Gunda, and Singh (2007) both analyzed the
eﬀect of sliding friction on gear mesh dynamics. The former revealed the existence
of critical eﬀects from time-varying friction moments about the gear centers on
parametric instabilities and dynamic response by developing a translational
rotational model, applying the iterative integration method, and performing
perturbation analysis. The latter pointed out that adding friction into multi degrees
of freedom model helped in reﬁning the analysis of the proﬁle modiﬁcation, and the
sliding friction inﬂuenced the dynamic transmission error.
On helical gear teeth, similarly, the axial forces exist due to the helical angle
and produces the tilting motions. Hence there also exist a tilting stiﬀness which
ﬂuctuates synchronously with meshing stiﬀness. The tilting stiﬀness is always
considered together with the bearing’s stiﬀness. They were built in the dynamic
models by Guo, Eritenel, Ericson, and Parker (2013); Parker, Guo, Eritenel, and
Ericson (2012). Eritenel and Parker (2009) performed modal analysis of a helical
planetary gearset and derived 12 pairs of degenerate translate-tilting modes of
central members with a natural frequency multiplicity of two.
In high-speed gearing, lubricant can also produce noise in geartrains. The oil
is inserted in the clearance between one tooth tip and its mating tooth bottom,
compressed and squeezed, causing ﬂuctuating reaction forces on the teeth. It is
more obvious on spur gears because it is harder for the liquid to escape through the
small backlashes. Lubricant entrainment occurs less in helical gears due to their
inclined contact lines that always release the lubricant at the end of the lines.
Increasing the backlash is the main solution of lubricant entrainment in the problem
of most high-speed gears. In ultra high-speed applications, air could be even
trapped and compressed as well, because it expands rapidly like explosion at the
teeth recessing because the air velocity is close to the speed of sound (Yoon, 1993).
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2.3 Dynamics Analysis of Planetary Gearset
A typical planetary gearset consists of carrier, ring gear, sun gear, and planet
gear(s), the former three are referred as central members. The ring gear, sun gear
and the planet gear are usually named as ring, sun and planet respectively for short.
Rotationally, a planetary gearset has two degree of freedom (DOF) that allow its
wide and variable applications in transmissions. Dynamically, the planetary gearset
couples multiple gear meshes and brings more complexity to the system. To
understand its dynamic behavior and to evaluate the eﬀects of macro, micro gear
parameters, and structural factors on the noise and vibration reduction, dynamic
analyses are always conducted.

2.3.1 Lumped Parameter Models and Vibration Modes
Lumped parameter models are widely used in dynamic system research.
They are built with mass and spring representations for rigid bodies and their
interactions. Lumped parameter models lump the mass, stiﬀness and damping
together based on the system mechanism, and they are solved either analytically or
numerically for evaluating the natural frequencies and forced vibrations of diﬀerent
design speciﬁcations.
¨
Nevzat Ozgüven
and Houser (1988) reviewed the mathematical modeling of
parallel axes gear dynamics which are similar to the planetary gearset lamped
parameter models. Figure 2.5 represents a typical dynamic model of one level
planetary gearset (Lin & Parker, 1999). In this two dimensional model, each body
has a plane DOF (two transitional and one rotational), and the planets’
displacements are depicted by radial and tangential coordinates, while the central
member are built in Cartesian coordinates. The author derived the equations of
motion (governing equations) and wrote them in matrix form shown in 2.1 and 2.2,
respectively. Besides the mass and stiﬀness matrix M , KΩ , the gyroscopic eﬀect G
is also taken inside the model. In this article, the key properties of the natural
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frequency spectra as well as vibration modes of a planetary gearset in general were
meticulously identiﬁed and the model was applicable for any conﬁguration of
planetary gearset.

Figure 2.5. One level planetary gear set lumped parameters model (Lin & Parker,
1999).

M q̈ + Ωc Gq̇ + [Kb (t) + Km (t) + Ω2c KΩ ]q = T (t) + T (t)

(2.1)

q = [xc , yc , uc , xr , yr , ur , xs , ys , us , ξ1 , η1 , u1 , ..., ξN , ηN , uN ]

(2.2)

Lumped parameter models of planetary gearset were seen in early literatures
(Cunliﬀe, Smith, & Welbourn, 1974; Kahraman, 1994). New approaches such as
ﬁnite element (FE) method were utilized and combined to the lumped parameters
model. Abousleiman and Velex (2006) set up a novel hybrid FE-lumped parameter
model of a planetary gearset, of which the formulations oﬀered signiﬁcant
advantages in modeling three dimensional dynamic behaviors of spur and helical
planetary gearsets. It was found that “the ring displacements are characterized by
large amplitude low-frequency components associated with the planet passing
frequency, and low-amplitude asymmetric side-bands near the mesh-related
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frequencies with complete suppression of the mesh frequencies themselves.” Chaari,
Fakhfakh, and Haddar (2009) used the tooth bending and contact model reviewed
in the last section to obtain mesh stiﬀness based on bending, ﬁllet-foundation, and
Hertzian contact as well as the eﬀect of local teeth ﬂaw such as tooth cracks in a
planetary gear set. In this literature, the authors calculated the natural frequencies
and mode shapes of the planetary gear apparatus by using the lumped parameters
method, and researched its structural dynamic response and acceleration noise.
Finally, tests were carried out that showed experimental results consist with the
predicted values.
Vibration modes analysis is an important measure to investigate the
dynamics. The lumped parameters models were commonly utilized to identify them
(Botmart, 1976; Kahraman, 1994; Lin & Parker, 1999). Botmart (1976) found
that the natural frequencies of a planetary gearset with three planets could be
grouped by the symmetry to the axis of the mode. There were six rotational modes
such that “all planets perform the same motion with respect to the sun and the
other components have only rotational vibration”, so called axial symmetric modes;
and twelve modes such that ”the planets do not all perform the same motion and at
least some of the other components have lateral motion”, so called non-axial
symmetric modes. Kahraman (1994) developed a three-dimensional, generic model
to explore the dynamics of a helical planetary gearset. The author classiﬁed the
natural modes of a planetary gearset with four planets as in-phase, counter-phased
and sequentially phased modes. As a matter of fact, the mode is the axial
symmetric mode aforementioned. For a helical planetary gearset with equally
spaced planets, a three dimensional lamped parameters model was also established
by Eritenel and Parker (2009), in which six DOF per member were supported by
bearings. Diﬀerent from the two dimensional model, the rotational-axial modes and
translational-tilting mode were identiﬁed which were introduced by the extra
degrees of freedom. It was also claimed that vibration model persists for a helical
gearset which does need to be symmetric. Lin and Parker (1999) identiﬁed the
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vibration modes formally into six rotational modes, six pairs of translational, and
three groups of planet modes. In Figure 2.6, (a) shows the rotational modes such
that all members only have pure rotation motions. and the planets behave in
identical way; (b) shows the translational modes that members have pure
translation motions, and the planets behave in pairs of orthonormal modes; (c)
shows the planet modes such that central members do not move, and the motion of
three planets are the scalar multiples of the ﬁrst planet’s motion, respectively.
Ericson and Parker (2013) conducted experimental and analytical research on two
diﬀerent spur planetary gears. Their dynamic response, natural frequencies, and
vibration modes were measure experimentally, and compared against results of an
analytical lumped parameters model and a ﬁnite element model.

Figure 2.6. Typical vibration modes of planetary gearset (Lin & Parker, 1999). (a)
Rotational mode. (b) Translational mode. (c) Planet mode
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2.3.2 Gear Meshing Stiﬀness of the Planetary Gearset
As reviewed in the last section, gear meshing stiﬀness makes a signiﬁcant
contribution to gear noise and vibration, mainly about the parallel axes gear pairs.
In the lumped parameters models of planetary gearset, meshing stiﬀness is also a
crucial parameter and aﬀect the vibrational behaviors under loads. It was discussed
that the number of teeth in contact and alternates load, inﬂuences the contact ratio
of the gear pair. If the two teeth acting against each other are resented as a spring
with stiﬀness then the alternation of the number will bring the ﬂuctuation of overall
(meshing) stiﬀness. In much gear dynamics research, the meshing stiﬀness was
considered as constant for simpliﬁcation (Barthod, Hayne, Tébec, & Pin, 2007). In
the constant meshing stiﬀness models, the static transmission error (STE) was
utilized as an excitation source (Kahraman, 1994). The STE is a periodically
angular displacement of the same frequency as tooth passing frequency. Cooley and
Parker (2014) stated that ”Static transmission error excitation models result in
multi-frequency forcing that gives qualitatively similar response as models that
represent dynamic excitation by the time-varying mesh stiﬀness as the number of
teeth in contact ﬂuctuate”. In planetary gearset, STE also exists in every gear mesh
with phase oﬀset due to its meshing phase, however little literature focused on this
point.
Time-varying meshing stiﬀness of more ﬁdelity is needed to represent the
physical process of gear mesh in the form of a wave due to the handover of gear
teeth contact. Liang et al. (2013) derived equations of meshing stiﬀness for both
internal and external gears of ﬁxed parallel axes gear pair based on the potential
energy method, and for planetary gearsets by combining the relative mesh phases.
It showed not only the stiﬀness rising and falling due to the change in the number of
tooth pairs in contact, but also the convex shape of the stiﬀness curve for each pair
of teeth. However, a certain simpliﬁcation is usually taken in the lumped
parameters model of planetary gearsets. In the article from Lin and Parker (2002),
the meshing stiﬀness was simpliﬁed as an rectangular wave in the analytical
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investigation of the parametric instabilities due to meshing stiﬀness variation in a
planetary gearset. It was found that the instability boundaries were sensitive to
contact ratios and mesh phasing by using a purely rotational parameters model.
The rectangular shaped meshing stiﬀness was also adopted by Kim, Lee, and Chung
(2012) as well. Trapezoidal wave was also utilized to depict the meshing stiﬀness. In
Parker and Wu (2012), the trapezoid of nonparallel sides was converted to Fourier
expansion for meshing stiﬀness in the analytical derivation and the parametric
instability regions for planetary gearsets with an elastic continuum ring gear was
analyzed, considering planet positioning, in-phase and sequentially phased meshing.
In planetary gearset dynamic analyses, the non-linearity phenomenon was
observed (Abousleiman & Velex, 2006; Ambarisha & Parker, 2007; Ericson &
Parker, 2014; Yuksel & Kahraman, 2004, et al.) either by using methods of
lumped parameters, ﬁnite element hybrid lumped parameters or experiments. With
the literature, contact loss was predominate the cause of non-linearity. When
contact losses happen, the meshing stiﬀness becomes zero though the tooth pairs
are not necessarily separated physically. The sudden vanish of the meshing stiﬀness
is strongly non-linear. Bahk and Parker (2011) implemented perturbation analysis
to exam the nonlinear behavior of a excited planetary gearset. The closed-form
approximations were given for primary, sub and super harmonic, as well as second
harmonic resonances. A proportional relationship was discovered between the torque
and both the initiation of teeth separation and the analytical peak amplitude. Is
was surprised that a higher torque was not able to prevent the contact loss, as was
expected. Guo and Parker (2012) develop a two dimensional lumped parameters
model of planetary gearset including time-varying stiﬀness and bearing clearances.
By using the Floquet theory, the solution stability was determined and the Grazing
bifurcation was observed which changes the solution stability and leads to jumping
between existing solution curves. Instability was also noticed due to planet bearing
clearance, routing from the period doubling and secondary Hopf bifurcations.
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2.3.3 Planets Phasing in Planetary Gearset
Since the planetary gearset is a gear system with multiple gear meshes in
which planets are located on a certain orbit constrained by the carrier, are the
interface of internal and external meshes, such that each mesh has a speciﬁcally
relative phase oﬀset to the others. The planet phasing is the phase oﬀsets among
the meshes of the planets. Each mesh of a planetary gearset interacts, couples and
aﬀects each other and brings its own dynamic characteristics.
The planet phasing has a pronounced impact on the dynamics of a planetary
gearset. The research shows a good planet phasing design has a positive inﬂuence
on the noise and vibration reduction of planetary gearset due to the meshing force
equilibrium and vibration neutralization. In an automotive application, Palmer and
Fuehrer (1977) reported that a 7 dB(A) peak vehicle interior noise reduction was
attained by choosing the proper planet phasing (“timing relationship between
multiple planetary pinion meshes”). Seager (1975) derived rules for the
neutralization of central members as harmonic components that tooth numbers
should follow, assuming no errors in the positions of planets’ centers. The author
also claimed the rules would be most eﬀective for high-quality, heavily-loaded gears
and showed evidence from an helicopter geartrain application. Kahraman (1994)
derived a periodic excitation function in terms of time-varying meshing stiﬀness and
static TE from static-elastic analysis, and summarized that it was not possible to
have total cancellation of gear proﬁle error excitations for a helical planetary gear
set under either static or dynamic conditions. Parker (2000) conﬁrmed that planet
phasing was not able to attenuate all potential resonances in a wide mesh frequency
range, however, they provided a physical explanation and derived a mathematical
description for the eﬀectiveness of the planet mesh phasing on vibration
suppression. Assuming no manufacturing and assembly errors existed, it was shown
that planet phasing brought cancellation of certain harmonics of mesh frequencies
by forces and moments vector summation. The superiority of this conclusion is that
neither the analytical model nor the assumed excitation from STE is necessary in
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this explanation which merely depends on symmetry of the planetary gearset and
periodicity of the meshing forces. Parker and Lin (2004) attempted to clarify a
general confusion of “phasing between the various sun-planet meshes, phasing
between the various ring-planet meshes, and phasing between the ring-planet and
sun-planet meshes on a given planet”. This report also demonstrated the “meshing
phasing properties for general planetary (epicyclic) and provide a complete
analytical description in terms of fundamental gear parameters”. Although an
analytical model is not a necessity for phasing eﬀect analysis, a lumped parameters
mode was still adopted by Ambarisha and Parker (2006) to verify the suppression of
planet mode resonances based on meshing phasing. The design rules were
analytically derived based on symmetry of the system and periodicity of mesh
forces, without the dynamic mesh forces. The rules were used to examine planetary
gearsets with an even number of equally spaced planets. It was concluded planet
mode response was suppressed as long as the net modal force vanishes. Suppression
of response of degenerate mode in purely rotational models was also investigated. A
recent experimental research article (Gawande & Shaikh, 2014) also reported that a
phasing arrangement at 1200 rpm on a Nylon planetary gearset with three planets
brought 6 dB to 7 dB noise reduction as measured by sound level meter.

2.3.4 Tooth Proﬁle Modiﬁcation in Planetary Gearset
Tooth proﬁle modiﬁcation has been a noteworthy and powerful tool to reduce
the gear noise and vibration in parallel axes applications (Bonori et al., 2008;
Bruyère & Velex, 2014; Chen & Shao, 2013; Liu & Parker, 2008, et al.). However,
each mesh in a planetary gearset interacts with other through diﬀerent load paths,
so speciﬁc proﬁle modiﬁcations carried over diﬀerent gearset may no longer work
even though they perform pretty well when were applied to individual gear pairs.
Proﬁle modiﬁcation serves to reduce the TE and modulate the meshing
stiﬀness. Researchers explored rules for proﬁle modiﬁcation of planetary
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applications instead of simply inheriting from the uncoupled gear pairs. F. L. Litvin
et al. (2002) proposed a double-crowned and screw involute tooth surface for the
planetary gears which provided a nearly uniform load distribution among the gears
of planetary gearset, and a reduction in magnitude of maximal errors based on
parabolic type function of TE. Abousleiman and Velex (2006) set up a an original
hybrid ﬁnite element/lumped parameter model for spur and helical planetary
gearset to determine its dynamic behaviors, incorporating tooth modiﬁcations and
errors. It was found that dynamic mesh forces and displacement amplitudes were
greatly reduced as were as the translational vibrations. But the sources of tip relief
used in the model were not explained. Other research (Chen, Shao, & Su, 2013;
Kahraman, Kharazi, & Umrani, 2003; Palmer & Fuehrer, 1977, et al.) on
planetary gearset dynamics also involved the tooth proﬁle modiﬁcations, however in
general, they provide less noise reduction than mesh phasing does Cooley and
Parker (2014). Actually, it is important to consider the planet mesh phasing when
determining the tooth proﬁle modiﬁcation(Bahk & Parker, 2013). It was reported
that the dynamic response increased when the optimized proﬁle modiﬁcation from
the separate single sun-planet mesh and ring-planet mesh were applied to the spur
planetary gearset. A certain proﬁle modiﬁcation could only serve to reduce the
dynamic response for a certain mode. To achieve an overall good combination of
proﬁle modiﬁcation, in industry, a more empirical approach is to conduct a set of
design of experiment (DOE) (Chung et al., 1999) and evaluate the dynamic
responses by choosing proper indices.

2.3.5 Load Sharing of the Planetary Gearset
A planetary gearset has a high power capacity to volume ratio because the
load can be shared by the planet gears. However, due to the inevitable
manufacturing and assembly tolerances, sometimes errors, such as positional
tolerance of the planet pin holes, eccentricity, run-out, and tooth indexing, the
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gearset in practice has never been perfect with the load can be evenly distributed to
each planet. On the other hand, the uneven load distribution becomes periodical
due the orbit motion of the planet and can cause noise and vibration issues.
Planet load sharing has caught much attention from both engineers and
researchers. Static or quasi-static methods were commonly utilized. Kahraman
(1999) developed a mathematical model by lumping springs along with tooth
backlash and compliances to predict the load sharing among planets of a planetary
gear set under diﬀerent manufacturing errors. The model was validated by their
actual product test measurement. Kahraman and Vijayakar (2001) took the
advantage of the ﬁnite element method to investigate the eﬀect of having ﬂexible
ring of a planetary gear set on its quasi-static behavior, and concluded that the
ﬂexibility of the ring could compensate for the negative eﬀect from gear piloting,
roundness and run-out errors. The improvement of the load sharing among the
planets by ﬂexible ring was was also explored but not as eﬀective as ﬂoating the sun
gear. As a matter of fact, ﬂoating a component is an eﬀective way to equalize the
planets’ loads. An experimental study (Ligata, Kahraman, & Singh, 2008)
conﬁrmed that a three-planet gearset with a ﬂoating sun has equal load sharing,
regardless amplitude of manufacturing error. It was also reported that for a
four-planet gear set, diametrically opposed planets carried equal amounts of load
with unexpected result. Sensitivity to manufacturing error, such as main planet pin
hole positional errors, increased as the number of planets increased based on test
result of ﬁve-plant and six-planet gearset. The same conclusion was also provide by
Singh, Kahraman, and Ligata (2007). Subsequently, the applications of planetary
gearsets with more planets need to have tighter tolerance speciﬁcations to have
good planet load sharing.
In additional to static analysis, the load sharing was considered in dynamic
behavior simulations as well. It has been found (Abousleiman & Velex, 2006) that
the ﬂexibility of the ring gear not only modiﬁed the static load distributions, but
also the critical tooth speeds of internal meshes. The eccentricity is one of the
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reasons that causes uneven load sharing, it also brings ”complex response spectra
with modulation sidebands” rather than additional critical speeds when considering
dynamic tooth loads (Gu & Velex, 2013).

2.3.6 Simulations of the Planetary Gearset
Conducting simulations through software is a widely used approach in both
industry and research applications. For dynamic analysis, multi-body based
software is commonly employed. Vernekar et al. (2015) posted an eﬃcient method
for modeling an arbitrary planetary geartrain in system simulation software
ITI-SIM, representing the meshing stiﬀness by nonlinear contact stiﬀnesses and
considering inﬂuence of the bearings. Tang, Zhang, Zou, Yu, and Zhang (2014)
utilized the MSC ADAMS to study the torsional vibration characteristics of a
compound planetary geartrain for a hybrid vehicle power split device. The eﬀect of
excitation from the engine and the electric motor, stiﬀness of torsional damper and
half shaft are discussed. Wu, Meagher, and Sommer (2011) modeled a particular
planetary gearset for a diﬀerent purpose in ADAMS and used its non-linear contact
to represent the gear tooth mesh to investigate the eﬀect of a chipped tooth.
ADAMS takes the parts as rigid bodies in the simulations and relies on a precise
geometry model to capture the mesh processes. The Machinery Gears module needs
separately deﬁned compliance between gear teeth which has to be approximated by
other approaches. The same issues exist in similar multi-body dynamics.
To avoid the limitation of multi-body dynamics simulation, ﬁnite element
method (FEM) is always incorporated. Glynn (2005) ﬁrstly used Planetary2D, a 2D
ﬁnite element/contact mechanics software, to obtain the dynamic responses of a
planetary gearset in a vehicle transfer case. Then MSC Nastran was applied to
analysis of modal frequency responses, and Sysnoise was employed to obtain the
sound pressure and power levels. Zhang, Zou, and Yu (2017) imported the ﬁnite
element ﬂexible bodies to a Romax model of a transmission system with a
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compound planetary geartrain, and carried out quantitative analysis for the system
under variant operating conditions. The simulation results show a good agreement
with the test stand results. In addition to the vehicle industry, the planetary gear
system is also extensively applied in wind turbine ﬁeld. Simulations on gear
dynamics are deﬁnitely necessary to have optimum design. Helsen, Vanhollebeke,
Marrant, Vandepitte, and Desmet (2011) overcame the challenge of deﬁning an
accurate approach to inset the ﬂexible components to ﬂexible multi-body models by
condensing the ﬁnite element models. Through this model, they investigated the
interaction between structural modes of ﬂexible planet carrier and ring, and the
overall gearbox modes. Thus new modes were found: the planet carrier modes and
planetary ring modes. Jin, Li, Ju, Zhang, and Yang (2016) presented a coupled
simulation model with aeroelastic-control in SIMPACK, combining Aerodyn and
Matlab/Simulink and embedding fully ﬂexible multi-body dynamics, which reﬂect
higher ﬁdelity of the wind turbine geartrain.

2.4 Dynamics Analysis of Compound Planetary Geartrain
Compound planetary geartrain are deﬁned as systems that consist of two or
more stages of planetary gearset or planetary gearsets with multiple planets in each
load path. Figure 2.7 presents four types of compound planetary geartrains that
have been found in the literatures. Multi-stage planetary geartrains comprise
multiple regular planetary gearsets. By conﬁguring a connection among the central
members and housing, diﬀerent gear ratios can be achieved, which is most
commonly used in vehicle automatic transmission. The stepped-planet planetary
geartrain is also frequently adopted in transmission applications because it extends
the gear ratio range to a regular planetary gearset. Multi-planet planetary
geartrains have extra planets for each load path. A typical application is the
Ravigneaux structure in automatic transmission; It is also utilized when speciﬁc
rotation direction is required. The double helical planetary geartrain uses the
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double helical gears instead of a regular spur gear or a helical gear. It takes
advantage of self-countering of thrust forces, which could be installed in axial force
sensitive applications, but not in automotive uses.

Figure 2.7. Illustration of compound planetary geartrains. (a) Multi-stage planetary
geartrain.

(b) Stepped planet planetary geartrain.

(c) Multi-planet planetary

geartrain. (d) Double helical planetary geartrain.

Compound planetary geartrains are extended applications of common
planetary gearset in epicyclic gear systems. It brings more functions and variations,
and more complicated dynamic behaviors are introduced. Although relatively less
research was found on these subjects, quite a few achievements are worthy of
reviewing. Kahraman (2001) developed torsional dynamic models for the
multi-planet compound geartrains with ﬁve central members to analyze their free
vibrations. The natural frequencies of the system were solved as eigenvalue
problems, which were identiﬁed as three modes: rigid body mode, asymmetric mode
and axis-symmetrical mode. Similar work was done by Dhouib et al. (2008), in
which the square wave shape of meshing stiﬀness was adopted and a gyroscopic
matrix was added to the model. Kiracofe and Parker (2007) gave a general
description of a dynamic model of multi-stage compound planetary geartrain. Each
stage of the geartrain could be a compound planetary geartrain of either
multi-planet, stepped planet, or regular planet gearset. Similar to dynamic
behaviors of regular planetary gearset, the vibration modes of an equally spaced
planet compound planetary geartrain could also be grouped into rotational,
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translational, or planet modes because of their cyclic symmetry. Likewise, a purely
rotational model was developed for a general compound planetary geartrain, which
was applied to assemblies of multi-planet, stepped-planet, and multi-stage
conﬁgurations (Guo & Parker, 2010a), and the overall and planet modes were
observed. The authors also compared the previous planetary gearset models,
corrected errors in previously published models, and clariﬁed discrepancies in
expressions of gear mesh deﬂection. In the same year, Guo and Parker (2010b)
published their results about eigen-sensitivities to model parameters of a general
compound planetary geartrain. The independent parameters of the three vibration
modes were found. Alwidyan, Jawarneh, and Tlilan (2009) proposed a discrete
non-linear torsional dynamic model of a multi-stage compound planetary geartrain.
The equations of motion were solved by both the harmonic balance method and
numerical integration, and the results predicted ”a softening-type non-linear
behavior, whereas hardening-type behavior back contact was absent”. Due to the
structure reason, some compound planetary geartrains utilize a long planet gear
which brings undesired axial forces even for spur gears. Fuchun, Jutao, Xiaojun,
and Hongqing (2011) studied the topic in compound planetary spur geartrains by
experiment and simulations, and illustrated that the tilting of long planet is a root
cause due to unbalanced load distribution on the skewed needle bearings.
Like the simple planetary gearset, phasing also has an impact on the system
dynamics. The phasing should have a wider deﬁnition since it is not only the
relationships between sun-planet and ring-planet, but also between plant-planet,
stage-stage for compound planetary geartrains, so it is better to use mesh phasing
instead of planet phasing. The phasing relationships are signiﬁcant for analytical or
simulation study of compound planetary geartrains because the critical mesh
stiﬀness and TE variation functions rely on a well described phasing (Guo & Parker,
2011). Inalpolat and Kahraman (2008) applied transmission error excitations to a
forced vibration model of a three-stage planetary geartrain, deﬁning phasing
relationships within each stage and among diﬀerent stages. The phase angle within
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the individual stage played a secondary impact on the mesh force spectra,
comparing it to the kinematic conﬁgurations, coupling conditions and gear ratios.
Guo and Parker (2011) deﬁned and calculated all the mesh phasing for general
compound planetary geartrains which are like ones in Guo and Parker (2010a). The
study also derived a complete and simple procedure to determine all the necessary
phasing, and considerations for assembly conditions for the speciﬁc gear train level
phasing which are crucial for analytical exploration on the lowering compound
planetary geartrain dynamic response.

2.5 Summary
The chapter started by reviewing literatures about the transmission noise
and vibration on the root causes and propagation paths, and indicated the gears are
the main contributor. Then sources of gear noise and vibration, such as
transmission errors, meshing misalignments, meshing stiﬀnesses and other sources,
principally focusing on the parallel axes gear pairs were discussed in detail. The
countermeasures were also briefed for each source. Extensive search was conducted
by scholars, searchers and engineers on planetary gearset, a epicyclic gear system
which has quite a lot dynamic behaviors. The reviews generally put eﬀorts on
vehicle applications, however wind turbine, machinery and aircraft uses were also
mentioned. Lumped parameters model was the most common method employed to
discover the inﬂuences of gear meshing stiﬀnesses, planetary phasing, tooth proﬁle
modiﬁcations, and load sharing on planetary gearset dynamic characteristics, such
as vibration mode, forces vibrations, and stabilities. In addition to those analytical
models, research by software simulations were reviewed as well. Flexible multi-body
simulations were broadly applied to overcome the limitation of rigid body
conﬁguration. A compound planetary geartrain has more central members or
planets so that more dynamic actions are coupled together. On this subject, the
dynamic behavior related research was reviewed at the the end of chapter.
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In the reviewed literature, the mesh stiﬀness is established in diﬀerent ways
for dynamic models of gear meshing. However, in some simple cases, it is even
assumed to be constant. Although some advanced method were adopted, simpliﬁed
stiﬀness models were still most common used as an input to gear mesh dynamic
behavior prediction. It is still possible to make the stiﬀness calculation more
straightforward and practical which will be introduced in next chapters. Planet
phasing plays a more important role of aﬀecting the vibration in one level planetary
gear set. However, it is unknown how its behavior it aﬀects the nested planetary
geartrain.
The nested planetary geartrain can be seen as an radially arranged
compound planetary gear system. However, little research was found on the nested
planetary geartrain, only an animation on GmbH (2018) and a patent invented by
Dopfert, Bucher, Ziemer, and Hantke (2013). The nested planetary geartrain is
quite suitable to axial space sensitive transmission applications, whereas its dynamic
naturality remains un-investigated thoroughly. The dissertation aims to ﬁll the gap
and explore the characteristics of the nested planetary geartrain.
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CHAPTER 3. FRAMEWORK AND METHODOLOGY
To address the research questions, the methodology of the present research is
divided into ﬁve major parts: direct gear design and its augmentation, gear meshing
stiﬀness models, planetary gear set dynamic models, and manufacturing feasibility
analysis. The methodology section is organized by the following ﬁve subsections of
major steps with the same sequence for illustrating the methodology.

3.1 Conﬁguration of the Nested Planetary Geartrain
The nested planetary geartrain can be conﬁgured in diﬀerent ways in a
transmission to achieve diﬀerent gear ratios. Figure 3.1 shows the arrangement of
the nested planetary geartrain researched in this dissertation. The block diagram
shows that the main members of inner planetary gearset are S1 (inner sun), P1
(inner planet), and R1 (inner ring), the main members of outer planetary gearset
are S2 (outer sun), P2 (outer planet) and R2 (outer ring). The carriers of the inner
and outer planetary gears sets are connected as one component and named as CC
(combined carriers). The CC is the output of this arrangement. As aforementioned,
R1 and S2 are made in one component which is named as R1S2. In the Figure 3.1,
there are also threes clutches and three brake, named as CL1, CL2, CL3 and BR1,
BR2, BR3 respectively. CL1 and BR1 are connected to S1, CL2 and BR2 are
connected to R2, then CL3 and BR3 are connected to R1S2. The clutches couple
the components to the input while the brakes block them to ground. This naming of
the arrangement is used all through the dissertation.
By applying diﬀerent combinations of the clutches and brakes, the nested
planetary geartrain works in diﬀerent conﬁgurations (abbreviated as CFG in tables).
Table 3.1 is the clutch and brake apply chart which shows the 8 conﬁgurations of
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Figure 3.1. The arrangement of nested planetary geartrain represented in block
diagram. S1, P1 and R2 are the sun, planet and ring of the inner planetary gearset
respectively, S2, P2 and R2 are the sun, planet and ring of the outer planetary gearset
respectively. CC is the combined Carriers. CL1, CL2, and CL3 are the clutches, BR1,
BR2, and BR3 are the brakes.

the geartrain (• means the clutch or the brake is engaged). In conﬁguration 7-1, 7-2
and 7-3, if the same input is connected to any two of the geartrain members of the
geartrain, the whole system rotates at the same speed like a solid component with
no relative rotation among the members. This conﬁguration is called direct gear in
vehicle transmission term. Without loss of generality, it is not necessary to have the
same input to the clutches and any two inputs are workable. As the bottom notes
state, there are two extra conﬁgurations for conﬁguration 8, So that any two of the
three brakes can be applied simultaneously to brake the whole gear system, because
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the geartrain is like a solid part and grounded to the housing. The conﬁguration 8 is
rarely used in vehicle transmission and doesn’t involve the dynamic issue, so it is not
further discussed in this dissertation. In addition, all three clutches can be engaged
at the same time, however the velocities of the three inputs have to be synchronous
to each other with speciﬁc ratios.Three brakes can also be engaged at the same time
and the geartrain becomes a indeterminate system such that the load on each brake
is unknown until more boundary conditions are available. These two conﬁguration
are rarely applied to vehicle transmission and not studied in this dissertation.

Table 3.1: Clutch and brake apply chart
CFG

CL1

1

•

2

•

CL2

CL3

4

•

•
•

5

•

6

•

7-2

•

7-3
8∗

BR3

•
•

•

BR2
•

3

7-1

BR1

•
•

•
•
•

•
•

To avoid redundant rows of table, two more conﬁgurations for each of

•
∗

is omitted. Any

two of the three brakes can be applied simultaneous to brake the whole gear system.

3.2 Lever Analogy Analysis of the Nested Planetary Gearset
The nested planetary geartrain is an integration of two planetary gearsets.
Analyzing the velocities, torques and orders (teeth passing frequencies) of a
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planetary gearset by traditional methods tends to be cumbersome and slow, due to
its complexity. In the Lever Analogy method, Benford and Leising (1981), the
planetary geartrain is represented by one or more levers. The ring, sun and carrier
are placed on the lever as nodes at the locations according to their tooth counts.
The nodes can be set as ﬁxed or movable based on the conﬁguration of the geartrain
and the levers revolve around the ﬁxed node. Then the rotational velocity of the
main members of the planetary gearset are represented by the tangent speeds of the
movable nodes and drawn as horizontal arrows in the graph. When input velocity is
applied on one member (node) of the geartrain, the velocities of all the other
members are shown in the lengths of the horizontal arrows and can be calculated by
the similar triangles method. When torque is applied on one member (node), the
torques on all the other members can be calculated by “moment” balancing.
Additionally, the Lever Analogy is also workable for geartrains with more than one
input. In brief, the Lever Analogy provided a quick and intuitive approach on the
planetary geartrains. Benford and Leising (1981) summarized the steps of the Lever
Analogy of velocity and torque analysis on simple planetary gearset, a Simpson
planetary geartrain, dual planet planetary gearset, Ravigneaux planetary geartrain,
dual sun and a dual ring planetary geartrain, stepped pinion planetary geartrain, as
well as Continuous Variable Transmission and torque split device used in reducing
the slip in a torque converter. In this section, the Lever Analogy was adopted to
analyze the nested planetary geartrain on velocities and torques of the main
members. The velocity of the planet was derived based on the Lever Analogy to
acquire the teeth passing frequencies for inner and outer planetary gearset.

3.2.1 Velocity and Torque Analysis by Lever Analogy
As a subsystem of the nested planetary geartrain, each planetary gearset is
represented by a lever based on Lever Analogy introduced by Benford and Leising
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(1981). After combining the two gearsets an equivalent lever is obtained, which can
be conﬁgured based on Table 3.1.
The velocity analysis was conducted for conﬁguration 1 through
conﬁguration 7 by the Lever Analogy method. In Figure 3.2, graph (a) through (g)
demonstrate the velocity schematics against the conﬁguration 1 to conﬁguration 7
respectively, of which graph (a) through (f) represent one of the inputs ﬁxed to the
ground with brakes, and (g) represent two non-zero velocity inputs. In each graph,
the arrows represent the rotational velocity of each node. The length of the arrow is
proportional to the amplitude of its velocity and the direction of the arrow is the
same as the rotation direction. The red arrow means the torque is transmitted
through the gear. The green arrow means the gear is only idling at the velocity
without torque on. For example, in graph (a) (conﬁguration 1), CL1 and BR2 are
engaged, assuming the input velocity is ωin whose amplitude is the length of the
arrow at the node R1S2. By using the similar triangles method, the length of the
other arrow can be calculated, so that 0 at S1,
(ZR1 ZR2 − ZS1 ZS2 )ωin /(ZR1 ZR2 + ZS1 ZR2 ) at R2, and
ZR1 ZR2 ωin /(ZR1 ZR2 + ZS1 ZR2 ) at CC. The velocities are in the same direction
because all arrows are pointing to the same direction, and R2 does not take any
load. Similarly, the velocities of the conﬁguration 1 to conﬁguration 6 were
calculated and summarized in Table 3.2.
Figure 3.2 (g) shows one operation condition of conﬁguration 7. In
conﬁguration 7, any two input velocities can be input to any two of the three
clutches, thus there are three combinations and no member is grounded. The
velocities of the main members were calculated and summarized in Table 3.3.
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Table 3.2: Velocities of the nodes with one central member ﬁxed
CFG

S1

R2

CC

R1S2

1

ωin

0

ZS2
− ZR1 ZZR2S1−Z
ωin
S1 ZS2

R2 +ZS2 )
− ZZR1S1Z(Z
ωin
R2 −ZS1 ZS2

2

ωin

ZS1 (ZR2 +ZS2 )
ω
ZR2 (ZR1 +ZS1 ) in

ZS1
ω
ZR1 +ZS1 in

0

3

0

ωin

ZR1 ZR2
ω
ZR1 ZR2 −ZS1 ZS2 in

ZR2 (ZR1 +ZS1 )
ω
ZR1 ZR2 −ZS1 ZS2 in

4

ZR2 (ZR1 +ZS1 )
ω
ZS1 (ZR2 +ZS2 ) in

ωin

ZR2
ω
ZR2 +ZS2 in

0

5

0

ZR1 ZR2 −ZS1 ZS2
ωin
ZR2 (ZR1 +ZS1 )

ZR1
ω
ZR1 +ZS1 in

ωin

0

ZS2
ω
ZR2 +ZS2 in

ωin

R2 −ZS1 ZS2
ωin
6 − ZZR1S1Z(Z
R2 +ZS2 )

(g) reﬂects against conﬁguration 1 to 7, respectively

Figure 3.2. Velocity analysis of the nested planetary geartrain by Lever Analogy of the seven conﬁgurations. Graph (a) to
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ωin1

7-2

(ωin2 −ωin1 )(ZR1 ZR2 −ZS1 ZS2 )
ZS1 (ZR2 +ZS2 )

ωin1

7-1

7-3 ωin1 −

S1

CFG

ωin1 +
ωin1

(ωin2 −ωin1 )(ZR1 ZR2 −ZS1 ZS2 )
ZR2 (ZR1 +ZS1 )

ωin2

R2

(ωin2 −ωin1 )ZS2
ZR2 +ZS2

(ωin2 −ωin1 )ZR1 ZR2
ZR2 (ZR1 +ZS1 )

(ωin2 −ωin1 )ZR1 ZR2
ZR1 ZR2 −ZS1 ZS2

ωin1 +

ωin1 +

ωin1 +

CC

Table 3.3: Velocities of the nodes without ﬁxed member

ωin1 +

ωin2

ωin2

(ωin2 −ωin1 )ZR2 (ZR1 +ZS1 )
ZR1 ZR2 −ZS1 ZS2

R1S2
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The Lever Analogy is also used to obtain the torques of members in a
planetary gear system. The torque analysis is based on static or steady-state,
without considering friction or power loss. By balancing the ’moment’, the torques
on each main member of the nested planetary geartrain with one input were
calculated. For example, in conﬁguration 1, to balance torque τin applied to S1, CC
bears the torque τCC which satisﬁes the balance equation
τin × LS1−R2 = τCC × LCC−R2 . L are the lengths between the nodes which is
represented by the gear tooth numbers, so
τCC = τin × LS1−R2 /LCC−R2 = (ZR1 ZR2 − ZS1 ZS2 )τin /(ZS1 ZS2 ). τin and τCC are in
the same direction. The summation all the torques on the geartrain should be zero,
so τR2 = −(τS1 + τCC ) = −(ZR1 ZR2 )τin /(ZS1 ZS2 ) which is the transmission case
mounting torque. R1S2 does not take any load in this conﬁguration. Torques of the
main members from conﬁguration 1 to conﬁguration 6 were summarized in Table
3.4.

Table 3.4: Torques to the nodes with one central member ﬁxed
CFG

S1

R2

CC

R1S2

1

τin

ZR2
− ZZR1
τin
S1 ZS2

ZR1 ZR2 −ZS1 ZS2
τin
ZS1 ZS2

0

2

τin

0

S1
− ZR1Z+Z
τin
S1

ZR1
τ
ZS1 in

3

S1 ZS2
- ZZR1
τ
ZR2 in

τin

−ZS1 ZS2
− ZR1 ZZR2
τin
R1 ZR2

0

4

0

τin

S2
− ZR2Z+Z
τin
R2

ZS2
τ
ZR2 in

5

ZS1
τ
ZR1 in

0

S1
− ZR1Z+Z
τin
R1

τin

6

0

ZR2
τ
ZS2 in

S2
− ZR2Z+Z
τin
S2

τin

(g) reﬂects against conﬁguration 1 to 7, respectively

Figure 3.3. Torque analysis of the nested planetary geartrain by Lever Analogy of the seven conﬁgurations. Graph (a) to
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Similar to the velocity analysis, the torques on each node can also be
analyzed by the Lever Analogy. In fact, it does not matter whether any member is
ﬁxed to the ground or not. The torque always exist on each input member. The
ﬁxed member takes the reactive torque from the ground which is also a form of
input even though the velocity is zero. The torque analysis result of conﬁguration 7
is presented in Table 3.5. Conﬁguration 7-1 has the same form as conﬁguration 1
and conﬁguration 3; the conﬁguration 7-2 has the same form as conﬁguration 2 and
conﬁguration 5; conﬁguration 7-1 has the same form as conﬁguration 4 and
conﬁguration 6. The torque of the two inputs is proportional to each other, which
means that change of torque of one input will result in change of torque of the other
input.

Table 3.5: Torques to the nodes without ﬁxed member
CFG S1

R2

R1S2

7-1 τin1

ZR2
τin2 = − ZZR1
τin1
S1 ZS2

0

7-2 τin1

0

τin2 = ZZR1
τin1
S1

S1
−(τin1 + τin2 ) = − ZR1Z+Z
τin1
S1

τin1

S2
−(τin1 + τin2 ) = − ZR2Z+Z
τin1
S2

7-3

0

τin2 =

ZR2
τ
ZS2 in1

CC
−(τin1 + τin2 ) =

ZR1 ZR2 −ZS1 ZS2
τin1
ZS1 ZS2

To clarify, the torque analysis above is only for the externals torques that
come from outside. Some of the conﬁgurations show that the torque on R1S2 is
zero. This does not mean there is no torque on R1S2, but the resultant torques
from inner planetary gearset and the outer planetary gearset is zero. Because the
lever used is the merged one, the internal torques between R1 and S2 are not
reﬂected in the results. Similar to CC, the output torque comes from the resultant
internal torques between the inner carrier and the outer carrier. Those internal
torques can be analyzed by using the levers before merged.
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3.2.2 Orders of the Nested Planetary Geartrain
The order of a gear system, also called tooth passing frequency, is the
number of teeth passing by the pitch point during one revolution of the reference
shaft. It reﬂects the multiple to rotation frequency of the reference shaft and it is
decided by the tooth number. The period between two adjacent teeth passing by
the pitch is pitch cycle which can also be seen the period as one tooth takes the
position of next one. From period to period, some meshing parameters repeat
themselves, such a static transmission error, alternation of teeth in contact, and
meshing stiﬀness. These parameters have the same pace as the passing frequency.
From the deﬁnition the order is a inherent property of a gear system and does not
depend on the rotation velocities. Overall, it is a useful and widely used concept in
the gear vibration analysis.
In a planetary gearset, the planet meshes both with the sun and the ring
simultaneously, so that the teeth of the planet pass by two pitch points at the same
rate because all the teeth are on the body. The tooth passing frequencies of the two
meshes are the same, so only one order exists for a conﬁguration of a planetary
gearset. A nested planetary geartrain contains two planetary gearsets, thus it has
two orders.
For a stationary axis gear system, the pitch points are stationary as well. It
is simple to calculate the order just by multiplying the tooth number of one gear to
the velocity ratio to the reference gear (shaft). For example, the order of a two gears
system is the tooth number of the reference gear. The planetary gearset is a
epicyclic gear system so that the pitch points go along with the carrier. The most
intuitive way to obtain the order is to make it a stationary axis gear system. By
rotating the whole system to the opposite direction of the carrier’ rotation with the
same velocity, the planet’ axis become ﬁxed and all the other central members’
velocity should be subtracted by amount of the carrier’s velocity. The order can be
obtained as a parallel axis gear system.
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Figure 3.4. Reversely rotate the carrier for order calculation.

The same strategy applied to the nested planetary geartrain as shown in
Figure 3.4. To straightforwardly calculate the orders, the whole geartrain is turning
in the opposite direction of CC. Since the R1S2 is the interface of inner and outer
planetary gearsets, to have consistent expressions, the velocity of R1S2 is used to
obtain the orders of both gearsets. After rotating in reverse, the velocity of R1S2
becomes ωR1S2 − ωCC . Set the input velocity as a reference, then orders are
formulated as Equation 3.1 and Equation 3.2 for inner and outer gearsets,
respectively.
O1 = |

ωR1S2 − ωCC
|ZR1
ωin

(3.1)

O2 = |

ωR1S2 − ωCC
|ZS2
ωin

(3.2)
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By substituting the expressions of velocities in Table 3.2 to those equations,
the orders can be described by tooth numbers for conﬁgurations of 1 to 6, and
summarized in Table 3.6. It is noticed that conﬁguration 1 and 3, 2 and 5, and 4
and 6 have the same orders respectively. In each pair of the conﬁgurations, the
central members to be driven or braked are the same, thus a brief conclusion can be
draw that the order of the planetary geartrain is decided by which central members
are set as input or set as ﬁxed.

Table 3.6: Orders when one central member is ﬁxed
ORDER
CFG

INNER

OUTER

1

ZS1 ZR1 ZR2
ZR1 ZR2 −ZS1 ZS2

ZS1 ZS2 ZR2
ZR1 ZR2 −ZS1 ZS2

2

ZS1 ZR1
ZR1 +ZS1

ZS1 ZS2
ZR1 +ZS1

3

ZS1 ZR1 ZR2
ZR1 ZR2 −ZS1 ZS2

ZS1 ZS2 ZR2
ZR1 ZR2 −ZS1 ZS2

4

ZR2 ZR1
ZR2 +ZS2

ZR2 ZS2
ZR2 +ZS2

5

ZS1 ZR1
ZR1 +ZS1

ZS1 ZS2
ZR1 +ZS1

6

ZR2 ZR1
ZR2 +ZS2

ZR2 ZS2
ZR2 +ZS2

For conﬁguration 7, similarly, either ωin1 or ωin2 can be selected as a
reference. Although sometimes the output is chosen as a reference, in this case, the
velocity of CC can be zero if ωin1 or ωin2 was used, which leads to zero denominator.
The ωin1 is set as reference and the orders of conﬁguration 7 are summarized in
Table 3.7.
in1
Comparing the Table 3.7 to 3.6, in addition to the extra term | ωin2ω−ω
|, the
in1

left terms of the order descriptions in conﬁguration 7-1 is the same as conﬁguration
1 and 3; the conﬁguration 7-2 is the same as conﬁguration 2 and 5; conﬁguration 7-3
is the same as conﬁguration 4 and 6. It extends the conclusion that the order of the
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Table 3.7: Torques to the nodes without ﬁxed member
ORDER
CFG

INNER

OUTER

7-1

in1
R1 ZR2
| ZR1ZZS1R2Z−Z
| ωin2ω−ω
in1
S1 ZS2

in1
S2 ZR2
| ωin2ω−ω
| ZR1ZZS1R2Z−Z
in1
S1 ZS2

7-2

ZR1
in1
| ωin2ω−ω
| ZZR1S1+Z
in1
S1

ZS2
in1
| ωin2ω−ω
| ZZR1S1+Z
in1
S1

7-3

in1
R2 ZR1
| ωin2ω−ω
| ZZR2
+ZS2
in1

ZS2
in1
| ωin2ω−ω
| ZZR2R2+Z
in1
S2

planetary geartrain is decided by central members with inputs. The velocities of the
inputs magnify the value of the order.

3.3 Augmented Direct Gear Design
Traditional gear design is based on the standard basic rack, providing
satisfactory, universal solutions for the mainstream of gear applications and has
existed for more than 150 years. Modern industry drives increasing customization of
gear applications in many ﬁelds such automotive, aerospace, robotics, etc. In the
automotive industry, more and more customized gears are adopted to accomplish
speciﬁc requirements. Direct Gear Design (Kapelevich, 2013) is derived from the
theory of generalized parameters created by Professor Vulgakov. The method
expands the range of possible gear and mesh parameters signiﬁcantly, which was
previously limited by a preselected rack.
In the idea of Direct Gear Design, (Kapelevich & Mcnamara, 2005)
prioritized the deﬁning and designing of the gear and tooth geometry to the
manufacturing process and tool parameters. The methodology of Direct Gear
Design mainly contains the aspects of gear mesh synthesis, eﬃciency maximization,
ﬁllet proﬁle optimization, load sharing and stress calculation, and bending stress
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balance. Another signiﬁcant contribution of Direct Gear Design is the asymmetric
gear design, however, this is not discussed in this dissertation.

3.3.1 Gear Macro Parameters
The mesh synthesis of Direct Gear Design provides a direct way to interpret
the principle of involute gear proﬁling, gearing and mating, and gives quiet
ﬂexibility to gear meshing analysis. However, it does not cover the content of
micro-geometry such as tooth proﬁle modiﬁcation that aﬀects gear NVH greatly,
and which is commonly used in industry but designed empirically and
experimentally. This research augments the method, adding a micro geometry
function to its macro geometry description on the gear transverse plane, and applies
them to nested planetary geartrain teeth proﬁle design.
Unlike the gear deﬁnitions using generating rack parameters, the reference
pitch diameter, module, or pressure angle is not deﬁned on a single gear. Instead,
pressure angle at the intersection of two involute ﬂanks v, pressure angle at the
tooth tip diameter αa , tooth thickness Sa at tip diameter da , base diameter db , form
diameter df and root diameter dr . The tip diameter da and root diameter dr
correspond to major diameter and minor diameter in DIN. The form diameter df is
the diameter at the intersection of involute proﬁle and root ﬁllet, which is actually
the start of active proﬁle (SAP). If tip chamfer or ﬁllet is considered, then the
pressure angle at the intersection of involute proﬁle and the chamfer or ﬁllet is the
end of active of proﬁle (EAP), which is not included in the analysis of this
dissertation. To also clarify, the sub-notation f is used to refer to the root diameter
relative to parameters in DIN and AGMA, while in this dissertation, the f refers to
form diameter and r refers to root diameter for intuitive purpose.
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Figures 3.5 and 3.6 graph the tooth parameters for external and internal
gears respectively. The tooth thickness at base diameter is also presented in the
ﬁgures. The function inv is the involute operation,
inv(x) = tan(x) − x

(3.3)

where unit x is in radian. The pressure angle at tip is,

αa = arccos(

db
).
da

(3.4)

Figure 3.5. Parameters for external gear tooth.

For a pair of gears, nominal operating module mw , nominal operating center
distance aw and nominal operating pressure angle αw are deﬁned, which are the
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Figure 3.6. Parameters for internal gear tooth.

common parameters for both gears. The parameters for each gear with the
sub-notation 1, 2 and 3 refer to external pinion, external wheel, and internal wheel
respectively. Direct Gear Design analyzed the expanded area of existence for
external gears, internal gears, and pinion/rack with zero backlash constrained by
pressure angle, transverse contact ratio, interference, pitch point location, and
performance parameters. Equations 3.5 to 3.10 and Equations 3.13 to 3.19 are cited
from the Direct Gear Design (Kapelevich, 2013). For example, a pair of external
gears, Equation 3.5 shows the relationship between v1 and v2 when operating
pressure angle is determined. When the tooth tip thicknesses are decided, the
boundaries are provided by Equation 3.6. The ma1,2 is the relative tip tooth
thickness which is the actual thickness divided by the operating module. The
extreme boundaries are when αa1 = 0 and αa2 = 0.
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inv(αw ) =

ma1,2 =

1
π
(inv(v1 ) + u × inv(v2 ) − )
1+u
Z1

(3.5)

Z1,2 cos(αw )
(inv(v1,2 ) − inv(αa1,2 ))
cos(αa1,2 )

(3.6)

Transverse contact ratio is determined by the tip pressure angles of the
mated gear and their operating pressure angle as shown in Equation 3.7. By
combining to Equation 3.6, a v1 , v2 varying transverse contract ratio surface is
generated as displayed in Figure 3.7 when tooth numbers and relative tip tooth
thicknesses are selected . The extreme boundaries are when αw = 0 and ε = 0. On
the v1 − v2 plane, the pressure angle existence contours are also presented. The
illustration of gear pair proﬁles with equal v1 and v2 are located on the ridge of the
surface. The point produces a height transverse contact ratio with less operating
pressure angle, and vice versa. The slope of the ridge becomes quite steep when
lower nominal operating pressure angle is achieved. On the two sides of the ridges,
tooth proﬁles of unequal v1 and v2 are also illustrated.

ε=

Z1
(tan(αa1 ) + u tan(αa2 ) − (1 + u) tan(αw ))
2π

(3.7)

Similarly, for a pair of internal gears, Equations 3.8, 3.9 and 3.10 provide the
existence contours, and surface contours. The illustrations are presented in Figure
3.8.

inv(αw ) =

ma3 =

ε=

1
(−inv(v1 ) + u × inv(v3 ))
u−1

Z3 cos(αw ) π
( − inv(v3 ) − inv(αa3 ))
cos(αa3 ) Z3

Z1
(tan(αa1 ) − u tan(αa3 ) + (u − 1) tan(αw ))
2π

(3.8)

(3.9)

(3.10)

In Equations 3.5, 3.7, 3.8, and 3.10, the u is the gear ratio, u = Z2 /Z1 or
u = Z3 /Z1 for the external and internal gear pair respectively.
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Figure 3.7. Gear proﬁles constrained by pressure angle and contact ratio for external
mesh.

Compared to Figure 3.7, the surface in Figure 3.8 is narrower but has a
gentle slope on the ridge, which indicates the sensitivities of transverse contact ratio
to the equal v1 , v3 and unequal v1 , v3 , respectively. In another words, if v1 and v3 are
close to each other, the transverse contract ratio increases slightly as the nominal
operation pressure angle decreases. However, when the diﬀerence between v1 and v3
becomes larger, the the transverse contact ration drops dramatically.
The illustrations in Figure 3.7 and 3.8 deduce the involute proﬁles
possibilities of external and internal gear mesh that can be achieved from the gear
macro geometries. Direct Gear Design and gear macro geometry are quite widely
used, however, micro geometry is not involved in the method.
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Figure 3.8. Gear proﬁles constrained by pressure angle and contact ratio for internal
mesh.

3.3.2 True Involute Proﬁle Meshing Parameters
During the meshing process, in addition to the nominal operating module
mw , nominal operating center distance aw , nominal operating pressure angle αw ,
and transverse contact ratio ε, Direct Gear Design also indicates the deﬁnitions of
tooth thickness Sw at nominal operating pitch diameter dw , and pressure angle at
the lowest contact point αp for each gear of the pair. αp is the proﬁle angle at the
diameter where the mating gear tip diameter intersects with the Line of Action
(LoA), which is the start point of mesh approaching of one gear and the end of
mesh recessing of the mating gear. Those parameters are deﬁned based on true
(perfect) involute gear proﬁles. The relationship between work pressure and center
distance, external and internal meshes respectively,

αw = arccos(

db1 + db2
).
2aw

(3.11)
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αw = arccos(

db3 − db2
).
2aw

(3.12)

Figure 3.9. External gear mesh and proﬁle parameters.
Figure 3.9 demonstrates the external gear mesh and proﬁle parameters. The
tooth thickness of the pinion and wheel are:
Sw1 = dw1 (inv(v1 ) − inv(αw )),

(3.13)

Sw2 = dw2 (inv(v2 ) − inv(αw )).

(3.14)

The pressure angles at the lowest contact point are:
αp1 = arctan((1 + u) tan(αw ) − u tan(αa2 )),

(3.15)

1+u
1
tan(αw ) − tan(αa1 )).
u
u

(3.16)

αp2 = arctan(
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Figure 3.10. Internal gear mesh and proﬁle parameters.

Figure 3.10 demonstrates the internal gear mesh and proﬁle parameters. The
tooth thickness of the pinion is the same as Equation 3.13 shows. The tooth
thickness of the wheel is:
Sw3 = dw3 (

π
− inv(v3 ) + inv(αw )).
Z3

(3.17)

The pressure angles at the lowest contact point are:
αp1 = arctan(−(u − 1) tan(αw ) + u tan(αa3 )),
αp3 = arctan(

u−1
1
tan(αw ) + tan(αa1 )).
u
u

(3.18)
(3.19)

In both of Figure 3.9 and 3.10, the length of the transverse contact ratio
times the base circle pitch εPb is also presented. It starts from αp1 of the pinion and
ends at αp2 or αp3 of wheels for external or internal mesh. By using the angles
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obtained above, the transverse contact ratios can be derived, and were presented in
Equation 3.7 and 3.10 respectively.

3.3.3 Conversions
The Direct Gear Design deﬁnes the gear proﬁle in a diﬀerent way to the rack
generation gear. It is necessary to have a conversion between the new method and
the traditional one. For example, in the analysis of the last two sub-sections, the tip
diameter is used for the highest point of a tooth rather than addendum coeﬃcient,
and the root diameter is used for the lowest point of a tooth rather than dedendum
coeﬃcient, that
ha =

d a − dw
,
2mw

(3.20)

hr =

dw − dr
,
2mw

(3.21)

ha =

dw − da
,
2mw

(3.22)

hr =

da − dw
,
2mw

(3.23)

for external gears, and

for internal gears.
A very critical parameter v, pressure angle at the intersection of ﬂanks of a
tooth, describes the tooth thickness as shown in Equations 3.14, 3.15 and 3.17 for
thickness at the operating pitch diameter, and Equations 3.6 and 3.9 for thickness
at the tip diameter.
In the transitional gear deﬁned by generating rack, tooth thickness is based
on the reference diameter and aﬀected by proﬁle shift coeﬃcient. This setup is used
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in most gear editors of simulation software. If the proﬁle shift coeﬃcient is
represented by X, then the tooth thickness on reference diameter is,
S=

πm
+ 2Xm tan(α),
2

(3.24)

where m and α are the nominal modulus and pressure angle on reference diameter.
The proﬁle coeﬃcient is positive for the gear cutter moving away from the gear
material, while it is negative for moving toward the gear material. The sign of the
proﬁle coeﬃcient is the same for both internal and external gears. If a gear is
described by the nominal modulus and the proﬁle shift coeﬃcient, then angle v can
be converted by combining Equation 3.14 and 3.17 to 3.24, yielding

v = arcinv(inv(α) +

4X tan(α) + π
),
2Z

(3.25)

v = arcinv(inv(α) −

4X tan(α) − π
),
2Z

(3.26)

and

for external and internal gear tooth respectively. If the tooth thickness at reference
diameter is given directly, Equations 3.25 and 3.26 become simpler,
v = arcinv(inv(α) +

S
),
Zm

(3.27)

and
v = arcinv(inv(α) + πm −

S
).
Zm

(3.28)

3.3.4 Bringing in Micro Geometry Parameters
The micro geometry parameters include proﬁle modiﬁcation parameters and
lead modiﬁcation parameters. This dissertation focuses on the proﬁle modiﬁcations
on the transverse plane. In Figure 3.11 the proﬁle modiﬁcation is deﬁned on the
transverse plane, and the amount of modiﬁcation δ(x) is along the LoA. The δ(x) is
a function of roll angle x,
δ(x) = f (x),

(3.29)

65

Figure 3.11. Deﬁnition of the tooth proﬁle modiﬁcation along the LoA as a function
of roll angle.

where x is the angle that a proﬁle generating line rolls along the base circle until its
end reaches the diameter of the modiﬁcation location. The relation between the roll
angle and pressure angle is,
x = αx + inv(αx ) = αx + tan(αx ) − αx = tan(αx ),

(3.30)

thus x ∈ (tan(αp ), tan(αa )). f (x) is positive in the material-in direction, and can be
slope, or parabolic, cubic functions, which commonly used to describe the
modiﬁcations, or piece wised of multiple functions. A lot of literature uses diameters
as the variable, and the conversion between roll angle and diameter is,
dx =

db
.
cos(arctan(x))

Along the LoA, the pressure angle on the modiﬁed proﬁle has slightly
changed. However, normally the amount of modiﬁcation is small enough, in

(3.31)
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microns, that the pressure angle is assumed to remain the same after modiﬁcation.
Under this assumption, due to removal of the material, a small extra roll and δx is
need to let the new proﬁle reach the pitch point,
δx =

2f (x)
.
db

(3.32)

The modiﬁcation will also thin the tooth thickness,
δSw =

dx
dx 2f (x)
db f (x)
f (x)
δx =
=
=
cos(αx ) db
cos(arctan(x))
2
2 db

(3.33)

The tooth thicknesses for external mesh are,
Sw1 = dw1 (inv(v1 ) − inv(αw )) −

2f1 (x)
,
cos(arctan(αw ))

(3.34)

Sw2 = dw2 (inv(v2 ) − inv(αw )) −

2f2 (x)
.
cos(arctan(αw ))

(3.35)

For internal gear, they are usually not modiﬁed on the proﬁles, so the tooth
thickness keeps the same as Equation 3.17.

3.4 Gear Mesh Process Analysis
After introducing the micro geometry to the macro geometry, it is important
to understand its inﬂuences to the gear mesh process. Activities on LoA represent
almost all the characteristics of meshing of a pair of gears, so it is practical to
conduct the analysis on the LoA.
Assuming a pair of gears with tooth proﬁle modiﬁcation still keeps the
position as it is without proﬁle modiﬁcation, which means one gear rotates at a pace
perfect proportional to its mate gear based on their gear ratio. Then the active
proﬁles can be depicted at the both sides of the meshing point on the LoA.
In Figure 3.12, xp1 and xa2 are the roll angles of the corresponding pressure
angles αp1 and αa2 , which can be converted through Equation 3.30. Similarly to xp2 ,
xp2 , xαw , and etc. f1 (x) and f2 (x) are the tooth proﬁle modiﬁcation functions to the
roll angles of the external pinion and wheel. For the internal wheel no proﬁle
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Figure 3.12.

Schematic of proﬁles on Line of Action (LOA) with tooth proﬁle

modiﬁcation function assuming gears rotate with perfect involute proﬁles.

(a)

External mesh. (b) Internal mesh.

modiﬁcation is assumed, thus f3 (x) = 0. Meshing point 1 and 2 are contact points
at the beginning when the second pair of teeth touches, assuming rigid body and
perfect involute proﬁle. Due to the proﬁle modiﬁcations, the active proﬁles are
located at based on the functions. If the modiﬁed teeth are rigid, the two pairs of
teeth can be in contact only when the gap between the active proﬁles at the two
contact point are the same,
f1 (x1 ) + f2 (x2 ) = f1 (x1 +

2π
2π
) + f2 (x2 −
)
Z2
Z1

(3.36)

For internal mesh,
f1 (x1 ) = f1 (x1 +

2π
)
Z1

(3.37)
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The above equations can only be achieved at one instant during every pitch cycle,
which is not what the proﬁle modiﬁcation intends. As a matter of fact, the gaps are
just used to compensate for the deformation of each gear tooth because they are in
compliance. The tooth stiﬀness analysis leads to the determination of the
modiﬁcation functions.

3.5 Gear Meshing Stiﬀness Analysis
Gear meshing stiﬀness is deﬁned along the LoA that combines all the
compliances of loaded teeth. It is a time-dependent variable as the gear rotates,
tying together the contact ratio of the gear pair, the tooth geometry, the gear
material property, and the proﬁle modiﬁcation/error (Chaari et al., 2009). Mesh
stiﬀness is a signiﬁcant parameter for evaluating gear vibration and modeling of
dynamics.

3.5.1 Single Tooth Stiﬀness
Single tooth stiﬀness is the foundation of meshing stiﬀness. A tooth can be
considered as a special shaped cantilever beam mounted on the gear web, as shown
in Figure 3.13. The bending, shearing and compressive compliances are the main
contributors to its stiﬀness. Liang et al. (2013) applied the potential energy method
to derive the bending, sharing and compressive stiﬀness for both the external gear
tooth and the internal gear tooth. It was modeled as a cantilever beam (Cornell,
1981) of varying cross section. By using this method, the bending, axial compressive
and shearing energies, Ub , Uc , and Us , stored in a tooth are expressed as:

Ub =

F2
=
2kb
Uc =

h
0

(Fb (h − y) − Fc h)2
dy,
2EIy

F2
=
2kc

h
0

Fc2
dy,
2EAy

(3.38)

(3.39)
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Figure 3.13. A involute gear tooth is represented by a cantilever beam.

F2
=
2ks

Us =

h
0

1.2Fb2
dy,
2GAy

(3.40)

where,

thus,
1
=
kb

h
0

Fb = F cos( ∗ ),

(3.41)

Fc = F sin( ∗ ).

(3.42)

(cos( ∗ )(h − y) − sin( ∗ )h)2
dy,
EIy
h

1
=
kc
1
=
ks

0
h
0

(3.43)

sin2 ( ∗ )
dy,
EAy

(3.44)

1.2 cos2 ( ∗ )
dy,
GAy

(3.45)

The other variables in Equations 3.43, 3.44 and 3.45 are demonstrated in
Figure 3.14. Besides, kb , kc and ks are the bending, compressive and shearing
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Figure 3.14. External gear tooth as a beam model

stiﬀness respectively. E and G are Young’s modulus and shearing modulus of the
gear material, Ay and Iy are the area of axial section at tooth height y and its area
moment of inertia.By utilizing the methodology of Direct Gear Design, given x is
roll angle on the proﬁle from 0 to xa , xh is the roll angle at where the load F is
applied, and tooth axial width b, there are:
∗

= xh − inv(v),

(3.46)

= inv(v) − inv(arctan(xh )),

(3.47)

= inv(v) − inv(arctan(x)),

(3.48)

= inv(v) − inv(arctan(xa )),

(3.49)

db
db cos( x )
− cos(inv(v)),
2 cos(arctan(x))
2

(3.50)

x

a

and,
y=

71

h=

db cos( )
db
− cos(inv(v)),
2
2 cos(arctan(xh ))

(3.51)

db tan( x )
,
cos(arctan(x))

(3.52)

db tan( )
,
cos(arctan(xh ))

(3.53)

sy =

s=

Ay = sy b,

Iy =

1 3
s b
12 y

(3.54)

(3.55)

Substitute Equations from 3.46 to 3.55, to 3.43, 3.44 and 3.45, the integral
lower and upper limits become 0 and xh , and the stiﬀness of an external tooth can
be obtained. The equations are too redundant to be presented, but quite convenient
to be programed for numeric calculation.

Figure 3.15. Internal gear tooth as a beam model
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For internal gears, as shown in Figure 3.15, the roll angle x varies form xa to
xf , still xh is the roll angle where the load applied. Similarly,
∗

= xh + (

π
− inv(v)),
Z

(3.56)

π
− inv(v) + inv(arctan(xh )),
Z

(3.57)

=

π
− inv(v) + inv(arctan(x)),
Z

(3.58)

a

=

π
− inv(v) + inv(arctan(xa )),
Z

(3.59)

f

=

π
− inv(v) + inv(arctan(xf )),
Z

(3.60)

y=

db cos( f )
db cos( x )
−
,
2 cos(arctan(xf )) 2 cos(arctan(x))

(3.61)

h=

db cos( f )
db cos( )
−
,
2 cos(arctan(xf )) 2 cos(arctan(xh ))

(3.62)

db tan( x )
,
cos(arctan(x))

(3.63)

db tan( )
,
cos(arctan(xh ))

(3.64)

=

x

and,

sy =

s=

Ay = sy b,

Iy =

1 3
s b.
12 y

(3.65)

(3.66)

Substituting Equations from 3.56 to 3.66, to 3.43, 3.44 and 3.45, with the
integral lower and upper limits as xf and xh , the stiﬀness of an internal tooth is
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determined. The equations are too redundant to be presented, but quite
straightforward to be programed for numeric calculation.
The estimation of tooth stiﬀness based on beam model for both external and
internal gear neglects the gear body portion of the ﬁllet part, which will cause losing
some ﬁdelity. For the purpose of building the relationship to deﬁne the proﬁle
modiﬁcation function, the estimation is a good approach to obtain the single tooth
stiﬀness. Any other method of higher ﬁdelity can also be used if necessary.

3.5.2 Gear Meshing Stiﬀness
When a pair of gears is mated and load is applied, the tooth ﬂanks make
contact with each other, and the Hertzian stiﬀness is brought in. Hertzian contact
stiﬀness is dependent on the curvature of two contact objects, and the contact
region width. Since the gear tooth proﬁle curvature changes along with the roll
angle (time), and the contact width is load dependent, the contact stiﬀness changes
as well (Pedersen & Jørgensen, 2014). For involute gears, the summation of
curvatures at pitch point stay the same, and the load dependent stiﬀness
contributes less when gross stiﬀness including bending, compressive and shearing
stiﬀness. For simpliﬁcation, it is always better to consider the contact stiﬀness as a
constant (Yang & Lin, 1987) and given as,

kh =

πEb
,
4(1 − γ)

(3.67)

where γ is the poison ratio of the material.
By combining the Hertzian contact stiﬀness to the bending, compressive and
shearing stiﬀness of a pair of mating teeth, the meshing stiﬀness of these two teeth
(external) can be obtained as,

1
k (1) (x)

=

1
1
1
1
1
1
1
+
+
+
+
+
+
. (3.68)
k1b (x1 ) k1c (x1 ) k1s (x1 ) kh k2b (x2 ) k2c (x2 ) k2s (x2 )
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When the contact ratio is between 1 and 2, the meshing stiﬀness of the
ahead pair of teeth is represented by,
1
k (2) (x)

=

1
k1b (x1 +
1
k2b (x2 −

1
1
1
+
+ +
2π
2π
k1c (x1 + Z1 )) k1s (x1 + Z1 )) kh
1
1
+
+
,
2π
2π
2π
))
k
(x
−
))
k
(x
−
))
2c
2
2s
2
Z2
Z2
Z2

2π
)
Z1

+

(3.69)

where k (1) (x) is the meshing stiﬀness of the ﬁrst mating teeth and k (2) (x) is the
meshing stiﬀness of the second mating teeth. k1b (x1 ), k1c (x1 ), k1s (x1 ) are the
bending, compressive and shearing stiﬀness of single tooth stiﬀness of the pinion.
k2b (x2 ), k2c (x2 ), k2s (x2 ) are the bending, compressive and shearing stiﬀness of single
tooth stiﬀness of the wheel. The teeth are considered rigid without modiﬁcation,
x ∈ [0,

2π
],
Z1

(3.70)

x1 = x + xp1 ,

(3.71)

x
x2 = xa2 − .
u
The total meshing stiﬀness of the external gear mesh is,
⎧
⎨ k (1) (x) = 0
(1)
(2)
K(x) = k (x) + k (x)
⎩ k (2) (x) = 0

(3.72)

x<0
x > xa1 − xp1 −

2π
Z1

(3.73)

For internal gear mesh, there are,

1
k (1) (x)

=

1
1
1
1
1
1
1
+
+
+
+
+
+
, (3.74)
k1b (x1 ) k1c (x1 ) k1s (x1 ) kh k3b (x3 ) k3c (x3 ) k3s (x3 )

1
1
=
k (2) (x) k1b (x1 +
1
k3b (x3 +

1
1
1
+
+ +
2π
2π
k1c (x1 + Z1 )) k1s (x1 + Z1 )) kh
1
1
+
+
,
2π
2π
)) k3c (x3 + Z3 )) k3s (x3 + Z2π3 ))
Z3
2π
)
Z1

+

(3.75)
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and,
x ∈ [0,

2π
],
Z1

(3.76)

x1 = x + xp1 ,

(3.77)

x
x3 = xa3 + .
u

(3.78)

The total meshing stiﬀness of the internal gear mesh is,
⎧
⎨ k (1) (x) = 0
(1)
(2)
K(x) = k (x) + k (x)
⎩ k (2) (x) = 0

x<0
x > xa1 − xp1 −

2π
Z1

(3.79)

Helical gears mesh stiﬀness is calculated by diﬀerentiating it into sliced and
thin spur gears parallel to the transverse plane, shown in Figure 3.16. The angular
oﬀset between each two adjacent sections Δx and the section width should satisfy
Equation 3.80,

Δx =

2Δb
d tan(β)

(3.80)

where β is the helical angle. The number of sections is n, thus the overall gear
width b = nΔb.
¯
For a pair of helical gears, the meshing stiﬀness of the ﬁrst section is K(x),
which is described by Equation 3.73 or 3.79, then the stiﬀness of the nth section is,
¯ (n) (x) = K(x
¯ + (n − 1)Δx),
K

(3.81)

At any roll angle indexed by the ﬁrst section, the overall meshing stiﬀness is the
summation of meshing stiﬀness of every section,
n

¯ (n) (x + (n − 1)Δx).
K

K(x) =
n=1

(3.82)
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Figure 3.16. Helical gear is sliced to sections of spur gears

The above method of slicing is to discretize a helical gear into thin layers of
spur gear on transverse plane. The more the number of layers, the thinner of the
layer and the closer between the discretized helical gear and a real helical gear.
Although the method does not include the connection and interaction between
layers, or the contact pattern of crowned ﬂanks, it provides a quick analytical
approach to assess the meshing stiﬀness of a pair of helical gears.

3.5.3 Proﬁle Modiﬁcation
Since the gear teeth are in compliance and deﬂect under loads, the deﬂection
causes undesired corner contact (Figure 2.2) and transmission error (TE), which are
the sources of the gear noise. Proﬁle modiﬁcation such as tip relief can reduce the
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impact of the corner contact, and TE under a range of loads. Due to the alteration
of the number of gear pairs in contact, a sudden change of the stiﬀness happens
when the second pair of teeth gets in touch or the former teeth get recessed, thus
causing a sudden change in deﬂection. Figure 3.17 demonstrates the deﬂection
distribution along the proﬁle when the contact point goes along it for external and
internal gears, which is decided by the roll angle xp and xa . The proﬁle modiﬁcation
can also serve to smooth the process of the sudden change. At the same time, the
contact ratio can also be deﬁned by the roll angles as well (Equation 3.83 and 3.84).

Figure 3.17. Schematic of tooth deﬂection along the proﬁle. (Left) External mesh.
(Right) Internal mesh.

ε=

Z
(xa − xp )
2π

(3.83)

ε=

Z
(xp − xa )
2π

(3.84)

To determine the tooth modiﬁcation proﬁle function f (x), ignoring the
proﬁle error and indexing error, the roll angle δ̃x brought by the tooth compliance
along the LoA at each contact point,
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δ̃ (i) (x) =

F (i)
db
= δ̃ (i) x ,
(i)
2
k (x)

(3.85)

where i = 1 or 2, indicating the ﬁrst or second pair in contact. The k (i) (x) remains
the same as it is of the true involute proﬁle since the f (x) is quite a small amount of
material removal that has a negligible eﬀect on the teeth stiﬀness. The overall
displacement at each contact point is, for the external and the internal gears,
δ (i) (x) = f1 (x) + f2 (x) + δ̃ (i) (x),

(3.86)

δ (i) (x) = f1 (x) + f3 (x) + δ̃ (i) (x),

(3.87)

as introduced before, it is considered that f3 (x) = 0. At the nominal position as
shown in Figure 3.12, for the external gear,
δ (1) (0) = f1 (xp1 ) + f2 (xa2 ) + δ̃ (1) (0),

δ (2) (0) = f1 (xp1 +

2π
2π
) + f2 (
− xa2 ) + δ̃ (2) (0).
Z1
Z1

(3.88)

(3.89)

For the internal gear mesh,
δ (1) (0) = f1 (xp1 ) + δ̃ (1) (0),

δ (2) (0) = f1 (xp1 +

2π
) + δ̃ (2) (0).
Z1

(3.90)

(3.91)

Looking at Equations through 3.88 to 3.91, if the there is no modiﬁcation,
then δ (1) (0) = δ̃ (1) (0) and δ (2) (0) = δ̃ (2) (0). Since the the ﬁrst pair of teeth is not
loaded yet, that is δ̃ (1) (0) = 0 and δ̃ (2) (0) > 0, it will lead to premature contact on
the ﬁrst pair of teeth, which is undesired. When modiﬁcation function f (x) is
plugged into the equations, a gap is introduced to the compensate for the
displacement conveyed from the loaded second gear, thus the premature contact
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(impact) is eliminated. The larger the load applied, the larger initial gap
(f1 (xp1 ) + f2 (xa2 )) it needs. As the roll angle x increases, the gap should be
narrowed gradually till the ﬁrst pair of teeth is loaded. Because the derivation of
modiﬁcation function f (x) to x, the load is also gradually ramped up. Since the
Hertzian contact stiﬀness is load dependent, it smooths the process of the later pair
of teeth getting engaged.
The process of loading up the later gear, is aﬀected by both proﬁle
modiﬁcations on pinion and wheel, the f1 (x) + f2 (x) in Equation 3.86 and
f1 (x) + f3 (x) in Equation 3.87. For example, the nominal position that the later
teeth is to engage, the initial gap can be either from the tip modiﬁcation of the
wheel, or the root modiﬁcation from the pinion, or both.
For a planetary gearset, a general strategy of choosing the can be proposed
based on the above analysis. Since no tooth proﬁle modiﬁcation is on the ring gear,
for planet-ring mesh, the root the modiﬁcation is necessary and the initial f1 (xp1 )
can be determined by Equations 3.90 and 3.91 with maximum of regular work load.
Then by plugging in the f1 (xp1 ) to Equations 3.88 and 3.89, the tip modiﬁcation
f2 (xa2 ) of the sun can be decided. Normally, the sun does not have the root
modiﬁcation where f2 (xp2 ) = 0, accordingly the f1 (xa1 ) is known. The amount of
those values are dependent on their meshing stiﬀness and the most common load
the gears will take. The next step is to determine the positions x̂p and x̂a that make
f1 (x̂1 ) = 0 and f2 (x̂2 ) = 0. The general rule can be refereed from Chen and Shao
(2013).
The tooth proﬁle modiﬁcation actually pushes oﬀ the engagement of the later
pair of teeth, and in other words, it brings early disengagement of the former pair of
teeth. The contact ratio thus become smaller, for external and internal gears.

ε̂ =

Z
(x̂a − x̂p ),
2π

(3.92)

ε̂ =

Z
(x̂p − x̂a ).
2π

(3.93)
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Figure 3.18. Tooth tip proﬁle modiﬁcation eﬀect on meshing stiﬀness (Chen & Shao,
2013). (a) Fixed modiﬁcation width. (b) Fixed modiﬁcation length. The ΔLn is the
ratio of actual modiﬁcation length compared to the maximum value ISO/DIS 1983
allows. Cn is the ratio of actual modiﬁcation width compared to the maximum value
ISO/DIS 1983 allows.

Chen and Shao (2013) compared the eﬀect of diﬀerent tip tooth proﬁles by
modifying length and width to the meshing stiﬀness as shown in Figure 3.18. The
length and width correspond to x̂a and f (x̂a ), respectively. It indicates that the over
tooth proﬁle modiﬁcation will lead to negative eﬀect to the meshing stiﬀness. If the
theoretical contact ratio is large enough and close to 2, a relatively larger
modiﬁcation length can be used, and vice versa.
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3.6 Mesh Phasing
Gear mesh phasing is the relationship among the meshing of a planetary gear
system. Although all the meshes run at the same pace (order) of alternation of
tooth number in contact, phase diﬀerences exist between each two sun-planet
meshes, ring-plant meshes, and two meshes on each planet. Mesh phasing brings
pronounced eﬀect on the static and dynamic behavior of planetary gear systems. In
the nested planetary geartrain, the connected carrier and integration of R1S2
introduce more variables to mesh phasing which couples mesh phasing of two
individual planetary gearsets. This section conducts a complete analytical
description of those mesh phase diﬀerentiations.

3.6.1 Mesh Phasing of Individual Planetary Gearset
The phasing of one planetary gearset involves position phasing, sun-planets
phasing, ring-planets phasing and sun-ring phasing.

3.6.1.1. Position Phasing

When a planetary gearset is designed, the mesh phasing is decided by tooth
numbers of the gears and positions of the planets. Before proceeding to the
discussion of mesh phasing, it is important to clarify that a workable planetary
gearset does not require the tooth numbers to satisfy ZR = ZS + 2ZP , which is
commonly mentioned and even required by some sources. In Figure 3.19, rS , rR ,
and rP reference pitch radii for sun, ring and planet respectively. When gears are
installed, there is rR − rP = rS + rP because internal mesh and external mesh are of
the same center distance, which is mZR − mZP = mZS + mZP for standard gears,
yielding ZR − ZP = ZS + ZP , and thus ZR = ZS + 2ZP . However, a pair of gears
can mesh that requires equal pitch on base circle (m cos(α)), which means the
modules and pressure angles of the mating gears are not necessarily the same
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respectively. The planet meshes simultaneously internally and externally, so
in
ex
ex
in
ex
min
w cos(αw ) = mw cos(αw ), but mw may not equal to mw . There is no necessity
in
ex
ex
that min
w ZR − mw ZP has to equal to mw ZS + mw ZP , thus ZR = ZS + 2ZP is not

always workable. In practice, ZP can be chosen as

ZS +ZR
2

± 1. By using proﬁle

shifts, good meshes can be obtained. Since the number of planet teeth impacts the
phasing between sun-planet and ring-planet meshes, the variation of planet tooth
number is discussed in the dynamic analysis.
When gear tooth numbers are determined, a planetary gearset allows only
one planet to be assembled at a certain angular position relative to another one
without getting mechanical stuck. In Figure 3.19, δθ is the smallest angular oﬀset
that two planets can be placed in which means the planet at B is the closest possible
position of the planet at A (Ignore the two planets that merge into each other). To
calculate the δθ, assuming the ring is ﬁxed to the ground, the carrier rotates in
either direction at exactly an angle of δθ, and takes the planet at the same time, the
sun will rotate a angle

ZR +ZS
δθ
ZS

which can be easily obtained by Lever Analogy.

The tricky part is, imagine that none of the components of the gearset moves at all,
unless a second planet is replaced at the circumferential orientation δθ. The gears
are axisymmetric so that when it rotates one pitch angle (2π divided by tooth
number), every tooth take the place of its next one and the gear is in the orientation
without rotating, as represented by Equation 3.94. Then Equation 3.95 is yielded.
Z R + ZS
2π
δθ =
ZS
ZS
δθ =

2π
Z R + ZS

(3.94)

(3.95)

2π
(3.96)
ZR + ZS
In Equation 3.96, θn represents the angular position of the nth planet, and Pn
θn = pn δθ = pn

is an integer. For example, a planetary gearset with four evenly assembled planet
requires,
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Figure 3.19. Planetary gearset planet positioning phasing

Pn δθ = Pn

2π
2π
=
,
4
ZR + Z S

(3.97)

ZR + ZS
.
4

(3.98)

which yields,

Pn =

This indicates that the total teeth number of the ring and sun has to be a multiple
of four to evenly place the four planets. The same rule applies to any number of
planets that need to be assembled at the same angular interval. Otherwise, it is not
possible to have the planets evenly located if the summation of the ring and sun
teeth numbers can not be divided exactly by the number of planets.

3.6.1.2. Sun-Planets and Ring-Planets Phasing

Every gear mesh has its own gear pace and repeats at its tooth passing
frequency. In a planet gearset, the meshes of sun-planets have the same meshing
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frequency but have phase oﬀsets among each of the external meshes. If a mesh cycle
is represented by the variation of pairs of teeth in contact, then γSn is introduced to
represent the phase oﬀset of the nth planet to the reference planet, as shown in
Figure 3.20.

Figure 3.20. The planet phase oﬀset angles relative to the reference planet.

Figure 3.21. The planet location angles relative to the reference planet
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Similar to sun-planet mesh, the phase oﬀset for ring-planet mesh among the
planets is represented by γRn . γRn . γSn and γRn both vary from −1 to 1, negative
for lag and positive for lead. If the angular location of the planet is known as shown
in Figure 3.21, then it can be determined, for a planet turning clockwise relative to
carrier,
θn
),
ZS

(3.99)

θn
) − 1,
ZR

(3.100)

γSn = mod(

γRn = mod(

for planet turning counter clockwise relative to carrier,

γSn = mod(

θn
) − 1,
ZS

(3.101)

θn
),
ZR

(3.102)

γRn = mod(

where the operation mod is to determine the remainder of the fraction.

3.6.1.3. Sun-Ring Phasing

Since the planet both meshes with the sun and the ring in a planetary
gearset, there also exists a phase oﬀset between them. The phase oﬀset on each
planet is the same (Parker & Lin, 2004). It is illustrated as γRS in Figure 3.22.
LoAs of the external and internal meshes are depicted tangent to the base circles.
Paths of contact points AB and EF are bold in red on the LoAs respectively.
Gear mesh can be seen as a belt transmission model since LoA and based

C

circle consist of a belt and pulley mechanism, and all the points on the belt have the
same motion. In Figure 3.22, points on the path AC CDDF move at the same pace.
If the external mesh starts at A, as the reference, and the mesh point of internal
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Figure 3.22. Phase oﬀset between the external meshing and the internal mesh in a
planetary gearset.

mesh is at A∗ , it requires that the length of ACCDDA∗ must be a least multiple of
the base pitch of the gearset. Since the internal mesh starts at E, the length EA∗
divided by the base pitch pb is the phase oﬀset of sun-ring,
γRS = ±

EA∗
,
pb

(3.103)

where the positive means lead and negative means lag. Sign depends on the ”belt”
moving direction. That is, it is positive if it moves from sun to ring and negative if
it moves from ring to sun. Then,
EA∗ = ACCDDA∗ − ACCDDE.
Those lengths are calculated by,

(3.104)
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C

AC CDDA∗ = ceil(

C

C

AC CDDE
)pb ,
pb

C

AC CDDE = AC + CD + DE,

(3.105)

(3.106)

where,

AC =

db1
tan(αa1 ),
2

(3.107)

DE =

db1
tan(α̌p1 ),
2

(3.108)

db1
(π − α̂w − α̌w ).
2

(3.109)

C

CD =

In the above equations, head script ∧ and ∨ are use to distinguish the same variable
symbols used for external mesh and internal mesh respectively. αa , αw and αp can
be calculated through Equations 3.4, 3.11, 3.12, 3.15, 3.16, 3.17, and 3.19.

3.6.2 Mesh Phasing of Nested Planetary Geartrain
The nested planetary geartrain integrate two planetary gearset radially, and
one more phasing oﬀset is introduced to the system: the carrier phasing.
Figure 3.23 shows the combined carrier with four planet pin for each. The
angular intervals of each of the inner and outer planets are given by pn1 δθ1 and
pn1 δθ2 which are determined by number of teeth as introduced in the section
position phasing. ψ is the index angle between the inner carrier and outer carrier.
Since the inner and outer planetary have their own orders, ψ decides the phase
oﬀset between them.
As a matter of fact, the phase oﬀset between the inner and outer gearset is
also aﬀected by the index angle (δΘ) of the R1S2 as shown in Figure 3.24. δΘ
indicates the relative angular position from the inner ring (R1) to the outer sun
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Figure 3.23. Example of a combined carrier showing the planet position phase angles.

Figure 3.24. Combined carrier and planet position phase angles.

(S2). When R1 and S2 have a angular oﬀset δΘ relative to each other, the R1S2
should be exactly the same as it was before rotating. This depends on the gear with
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larger tooth number. The range of δΘ can be calculated as, when ψ is chosen, the
outer gearset and combined carrier are ﬁxed, and the S2 is assumed to rotate, then
the maximum of δΘ occurs when all teeth of all the inner gearset members exactly
overlap when δΘ = 0. Since the carrier is ﬁxed, when S2 rotates δΘ, R2 will rotate
ZS2
δΘ
ZR2

in the opposite direction. It requires,

δΘmax = i

2π
,
ZS2

ZS2
2π
δΘmax = j
,
ZR2
ZR2

(3.110)

(3.111)

where i and j are integers, means number of pitches. Combining the above two
equations yields i = j, thus the whole nested planetary geartrain remains
unchanged. The range of is δΘ ∈ [0, Z2π
].
R1
As learned from industry, there is no need to index the R1 and S2, and the
work piece if arbitrarily installed on the ﬁxture of gear machining with R1 broached.
Dynamic simulations were conducted to investigate the inﬂuence of the R1S2
phasing due to the variation of index angle, as well as the aﬀect of carrier phasing to
the dynamic behaviors.

3.7 Nested Planetary Geartrain Analytical Model
For geared power transmission systems, the dynamic analysis focuses on
predicting vibration and its structure borne noise originating from gear meshing.
The gear pair models not only the excitation caused by manufacturing errors and
gear mesh stiﬀness variation, but also the external forces and moments via the gear
mesh interfacing (Wesley Blankenship & Singh, 1995).
Figure 3.25 demonstrates the setup for the lumped parameters of the nested
planetary gear set. Similarly, equations (3.1) and (3.2) present the equation of
motion and coordinates respectively. Where, M is the mass matrix, Kb is the
bearing stiﬀness matrix, Km is the mesh stiﬀness matrix, T is the torque matrix, F
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is the force matrix from static transmission and proﬁle modiﬁcation, and q is the
displacement matrix. The gyroscopic eﬀect from high speed is ignored.

M q̈ + [Kb (t) + Km (t)]q = T (t) + F (t)

q = [xss , yss , uss , xrs , yrs , urs , xcc , ycc , ucc , xrr , yrr , urr ,

(3.112)

(3.113)

ξ11 , η11 , u11 , ..., ξ1N , η1N , u1N , ξ21 , η21 , u21 , ..., ξ2N , η2N , u2N ]
The lumped parameters equation of motion is going be solved for the neutral
frequencies and mode shapes as well as the forced responses for prediction and
evaluation of the dynamic behavior for the nested planetary geartrain.
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Figure 3.25. Lumped parameters setup for the nested planetary geartrain. ss - inner
sun gear, cc - combined carrier of inner and outer sets, rs - inner ring gear and outer
sun gear, rr - our ring gear, 11,12,...,1N - planets of inner set, 21,22,...,2N - planets
of outer set
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3.8 Simulations and Experiments
Static and dynamic analyses and simulations were conducted for
investigating the dynamic behaviors of the nested planetary geartrain, aﬀected by
tooth proﬁle, and mesh phasing. A machining simulation was also conducted to
optimize the gear cutting tool.

3.8.1 Geartrain Simulation
This dissertation utilized the gearbox analysis software Romax
Designer/Dynamics to explore the object’s dynamic characteristics. The Romax has
a highly detailed gear modeling interface, massive bearing library and useful
static/dynamic analysis toolkit, which allows it to have good modeling and
evaluation for a geartrain system. Figure 3.26 shows the nested planetary geartrain
modeled in the software. Through the model, the gear mesh misalignment, tooth
load contact pattern, and transmission error can be predicted by static analysis. In
addition, critical factors such as tooth proﬁle modiﬁcation, gear mesh phasing, teeth
number, etc, which aﬀect the geartrain vibration behaviors, were researched by
utilizing the dynamic analysis tools.

3.8.2 Gear Hobbing Experiments and Simulations
Optimized gear design should be able to be manufactured without incurring
too much cost . Hobbing (Figure 3.27) is a highly eﬃcient machining process that is
widely used for manufacturing gears. Regarded as the accurate method of gear
manufacturing, hobbing has gained more insights and mechanical skills than any
other type of gear cutting processes. It was, is and will be the dominant
manufacturing method for gears.
As shown in Figure 3.27, the hobbing process can be seen as a external
spatial gear machining mesh of two toothed cylinders which have crossed axles. The
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Figure 3.26. Nested Planetary Geartrain modeled in the Romax

Figure 3.27.

Schematic of hobbing and principle parameters.

Antoniadis, 2009)

(Dimitriou &
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rotation of the work piece gear is ωg , and the rotation of the cutting tool is ωc . The
two rotations are synchronized with each other at a pace as,

N P ωc = πdωg ,

(3.114)

where N and P are the start and pitch of the hub respectively, d is the pitch
diameter of the gear on normal plane.
By utilizing the gear cutting rack generating method based on Augmented
Direct Gear Design, the cutting to proﬁle was obtained and compared to the existing
hob for gear S2. The gear S2 was test manufactured by hobbing in the speciﬁed
CNC hobbing machine. Hobbing is the last step of the material removal processes
which includes coarse hobbing and ﬁne hob. After heat treatment, it is assembled
into the transmission. The gear tooth proﬁle is totally decided by the hob’s proﬁle.
The machined gear proﬁle was measured and compared to the design proﬁle.
The hobbing process was also studied by simulation with ﬁnite element
method in software AdvantEdge from Third Wave Systems. AdvantEdge utilizes
adaptive re-meshing strategies (Marusich & Ortiz, 1995) to obtain ﬁne-scale
features at the chip-tool-piece interface such as shearing localization and the
secondary shearing zone. The cutter and work piece contact are considered as
master and slave objects in the software and the impenetrability is implemented by
predictor- corrector scheme. Unfortunately, the AdvantEdge does not have the
module speciﬁcally for hobbing, thus the simulation alternatively used the disc
milling module to imitate the hobbing, by substituting the disc mill for the hob
teeth. Fidelity is lost because the work piece can not move across the feed direction,
thus the involute proﬁle will not be generated. However, the reaction of the other
cutters had quite good correlation to the test data and is introduced in next chapter.
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Figure 3.28. Gear hobbing process simulation (Dong et al., 2016)

3.9 Summary
This chapter stated and presented the framework, mathematical foundation
and methodology used in the research. The architecture and conﬁgurations of the
nested planetary geartrain were explained at beginning. Four groups of 10
conﬁgurations were analyzed on their velocity and torque delivering characteristics
by Lever Analogy method, and the orders of the geartrain were also provided. The
micro geometry description function was added to the Direct Gear Design as an
augmentation after illustration and interpretation of existing area of the method.
Based this, the gear meshing process and meshing stiﬀness were analyzed
analytically. Phasing, a distinctive character of the planetary gear system, was also
studied and one more phasing was brought up for nested planetary geartrain that
was arbitrarily determined in industry. The analytical model of the nested geartrain
dynamics was also presented and the multi-body dynamic simulation with real time
ﬂexible teeth simulation was introduced. The machining of the outer sun gear by
hobbing for experimented purposes was discussed and machining process simulation
was presented as well.
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CHAPTER 4. RESULTS AND DISCUSSION
This chapter presents the results of investigating the gear meshing stiﬀness
calculation of the gear pair in the nested planetary geartrain and its phase oﬀset
aﬀect by gear mesh phasing. Teeth proﬁle micro geometries were pre-selected based
on the meshing stiﬀness. The micro geometries were imported into the dynamics
analysis of the nested planetary gear train to exam its impact. Gear hobbing
processes were also tested by simulation and experiment on tool life issues.

4.1 Gear Parameters
As introduced in the ﬁrst chapter, the nested planetary geartrain consists of
an inner planetary gearset and an outer planetary gearset, and both of them have
four evenly positioned planets. The parameters of macro geometries are listed in
Table 4.1 and Table 4.2. Direct Gear Design method uniquely deﬁned angle v, and
this is also contained in the last rows of the tables. Figure 4.1 presents the teeth
proﬁle drawings of the gears in the nested planetary geartrain based on those
parameters. The calculations and simulations in the next sections are based on
these parameters as well.
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Table 4.1: Gear macro geometry parameters for inner planetary gearset
Parameters

S1

P1

Modulus (mm)

1.188

Center Distance (mm)

38.825

Pressure Angle (◦ )

18.258

R1

Tooth Number

42

86

22

Teeth width (mm)

25

25

25

Tip Diameter (mm)

53.397

29.900

102.375

Root Diameter (mm)

46.950

23.821

108.245

Proﬁle Shift Coeﬀ.

0.1810

0.5229

-1.3106

v(◦ )

29.6045

36.0110

26.1410

Table 4.2: Gear macro geometry parameters for outer planetary gearset
Parameters

S2

P2

Modulus (mm)

1.302

Center Distance (mm)

75

Pressure Angle (◦ )

19.182

R2

Tooth Number

94

138

22

Teeth width (mm)

25

25

25

Tip Diameter (mm)

123.692

32.057

176.566

Root Diameter (mm)

116.883

25.275

183.117

Proﬁle Shift Coeﬀ.

-0.6173

0.1941

0.1466

v(◦ )

23.6734

35.1501

23.3317
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Figure 4.1. Gear teeth proﬁles of given nested planetary geartrain. (a) planet and
ring gear of inner gearset. (b) planet and sun gear of inner gearset. (c) planet and
ring gear of outer gearset. (d) planet and sun gear of outer gearset.

4.2 Meshing Stiﬀness
Gear meshing stiﬀness is the combination of single tooth stiﬀness (bending,
compressive and shearing) of two mated gear and Hertzian contact stiﬀness of all
the teeth in contact in the pair. Due to the alternation of gear teeth in contact, the
meshing stiﬀness varies along the gear meshing process which was analyzed in
session 3.5.
Figure 4.2 illustrates a single tooth stiﬀness (left) when the load is applied
along the LoA, moving from the tooth root to the tip (right) of an external gear.
Because of the involute proﬁle, the cross section along the thickness direction of the
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tooth decreases from the root diameter to tip diameter, and the combination of
bending, compressive and shearing stiﬀness varies largely accordingly. The log scale
is applied on the vertical axis for good visibility. Similarly for internal gear, the
single tooth stiﬀness is depicted in Figure 4.3. The diﬀerence is, that the stiﬀness
increases rather decreases versus roll angle, because an internal gear tooth keeps the
material which will be cut on an external gear, thus the tooth thickness varies in an
opposite way radially.

Figure 4.2. Single tooth stiﬀness along LoA verses roll angle for external gear

When two mated gear teeth are in mesh, the stiﬀness of each tooth, and the
Hertzian stiﬀness are in series, thus the total stiﬀness of a single pair of teeth can be
obtained by combining all of them. Figure 4.4 and Figure 4.4 illustrate the single
pair of teeth stiﬀness along LoA verses roll angle of pinion for external and internal
meshes respectively. The horizontal axes represent the roll angle of the pinion gear
which starts from lowest point of single tooth contact (LPSTC) to highest point of
single tooth contact (HPSTC). The LPSTC can be calculated by though angle αp in
the Direct Gear Design method. The HPSTC is located at the highest point of the
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Figure 4.3. Single tooth stiﬀness along LoA verses roll angle for internal gear

active proﬁle. If there is not tip chamfer or relief, then it is at the tip of the tooth
on proﬁle.

Figure 4.4. Single pair of teeth stiﬀness along LoA verses roll angle of pinion for
external mesh.
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Figure 4.5. Single pair of teeth stiﬀness along LoA verses roll angle of pinion for
internal mesh.

For a meshing contact ratio less than two, the number of the teeth pair in
contact varies between 1 and 2 periodically. This means the meshing stiﬀness
ﬂuctuates between the stiﬀness of one single pair of teeth, and combination of
stiﬀness of two pair of the teeth. The former pair of teeth in contact leads the latter
pair of teeth in contact at a roll angle of one pitch. To oﬀset the single pair of teeth
meshing stiﬀness curve an angle of 360◦ /Z1 (Z1 is the tooth number of pinion gear),
and add it to the original one, the total stiﬀness curve is formed. Figure 4.6 and
Figure 4.7 demonstrate the process of combination for external mesh and internal
meshing respectively.
The stiﬀness curve repeats periodically with every tooth approaching the
contact and recessing from it. Knowing the parameters in Table 4.1 and Table 4.2,
all four cyclic meshing stiﬀness curves can be calculated by Equations from 3.38 to
3.66 independently and illustrated in Figure. To give a forward straight view of the
alternations to the rotation, the horizontal axes are aligned with the number of
teeth that pass by.
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Figure 4.6. Meshing stiﬀness of external mesh.(Combine the stiﬀness of former teeth
pair and latter teeth pair to have the total stiﬀness)

Figure 4.7. Meshing stiﬀness of internal mesh.(Combine the stiﬀness of former teeth
pair and later teeth pair to have the total stiﬀness)

4.3 Mesh Phasing Represented by Meshing Stiﬀness
As introduced in section 3.6, each mesh has its phase relative to the others.
The alternation of the meshing stiﬀness directly corresponds to the rotation of each
gear pair, thus the phase can be used to visualize the phasing.
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Figure 4.8. Independent meshing stiﬀness of the nested planetary geartrain. (a)
planet and sun gear mesh of inner gearset. (b) planet and ring gear mesh of inner
gearset. (c) planet and sun gear mesh of outer gearset. (d) planet and ring gear mesh
of outer gearset.

Among the planets of each planetary gearset, either external meshes or
internal meshes have their phasing which are described by γSn or γRn (Equation
3.99 to 3.102). For inner gearset, ZS = 42, ZR = 86, and θ1,2,3 = n90◦ , that,
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γS1 = 0.5, γS2 = 0, γS3 = 0.5,

(4.1)

γR1 = 0.5, γR2 = 0, γR3 = 0.5.

(4.2)

The above results also apply to the outer gearset since ZS = 94, ZR = 138 and the
four planets are also evenly located. Figure 4.9 shows the phasing among planets of
both the inner and outer gearset.
Note that the ﬁrst and third planets, and the second and fourth planets have
the same mesh phasing, so that the two stiﬀness curves are overlapped and covered,
thus they were not seen in the graph.
On each planet, the meshes with sun and ring are also phased. By
substituting the gear parameters to Equations 3.103 to 3.109, the phase oﬀset for
inner planet and outer planet can be calculated,

γR1S1 = 0.5263,

(4.3)

γR2S2 = 0.4186.

(4.4)

The above phase oﬀsets are show in Figure 4.10.
So far the phasing issue within one planetary gearset is presented, while the
nested planetary geartrain has two planetary gearsets, the phase between these is
decided by carrier oﬀset angle ψ and R1S2 oﬀset angle δΘ.
When δΘ = 0 and ψ = 0, the mesh phasing between inner planet-ring and
outer planet-sun has a initial phase oﬀset γ̄R1S2 . Assuming the R1 and S2 are not
connected yet, and the two carriers are not connected, either, rotate the whole outer
gearset to ψ = 45◦ in this case and ﬁx the carriers. Before reconnecting the R1 and
S2, the R2 could rotate an extra angle δΘmax without changing the phasing of the
whole geartrain. In another words, when δΘ is between 0 and δΘmax , γR2S1 is a
variable depending on δΘ,
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Figure 4.9. Phase oﬀsets among the planets represented by meshing stiﬀness. (a)
planet and sun gear mesh of inner gearset. (b) planet and ring gear mesh of inner
gearset. (c) planet and sun gear mesh of outer gearset. (d) planet and ring gear mesh
of outer gearset.

γR2S1 = γ̄R1S2 + δΘ

ZS2
.
2π

(4.5)

Additionally, other than the phase oﬀset, the inner planet-ring mesh and outer
planet-sun meshing are moving at a diﬀerent pace, with a rate of

ZS2 ZP 2
.
ZP 1 ZR1

Figure
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Figure 4.10. Phase oﬀset on each the planet between planet-sun mesh and planet-ring
mesh. The upper is for inner gear set, and lower is for the outer gear set.

4.11 presents the stiﬀness curve reﬂecting the phasing and meshing pace rate
between the inner planet-ring mesh and outer planet-sun mesh.

4.4 Analyses in the Romax
A geartrain is a system that consists of gears, shafts, bearings and housing,
all of which have compliances. The components interacting with each other causes
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Figure 4.11. Phase oﬀset and meshing pace rate between inner planet-ring mesh and
outer planet-sun mesh.

deﬂection and leads to gear misalignment and TE, which are main sources of gear
vibration and noise issues (Figure 4.12). The model in Romax could take the
stiﬀness of gear, shaft or rim, bearing and housing into consideration for static and
dynamic analyses.

4.4.1 Modeling the Nested Planetary Geartrain
A base line model was built in Romax to produce the reference results.
Factors such as tooth proﬁle modiﬁcation and phasing were implemented
systematically later for comparisons.
As the architecture of the nested planetary geartrain, two regular planetary
gearsets were modeled ﬁrst with spur gear parameters presented at the beginning of
the chapter. Compared to a helical gear, a spur gear has more aggressive power
transmitting performance due to its lower overall contact ratio (only transverse
contact ratio, axial contact ratio is zero), while the improvement on spur gear could
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Figure 4.12. Geartrain compliance leads to gear misalignment and TE.

be more obvious to be observed. Helical angle variation that more focus could be
placed on the tooth proﬁles.
The ring gear of the inner gearset and the sun gear of outer gearset were
connected to become a one piece, as well as the carriers of two gearsets, to form the
nested planetary geartrain, as shown in Figure 4.13. Instead of detailed roller
bearings, S1, R1S2 R2 and C1C2 are supported through stiﬀness bearings by the
ground. Planets are also supported through stiﬀness bearings by planet pins
mounted on the carrier. For simplicity, the housing stiﬀness is considered to be
combined into the bearing stiﬀness, thus the stiﬀness values for S1 R1S2 and R2 are
slightly smaller than the ones for planets. Table 4.3 lists the stiﬀness values used in
this model.
Clutches (brakes) were also setup in the model on S1, R1S2 and R2. By
conﬁguring them, the geartrain can work in up to 7 modes as analyzed in the last
chapter. Considering the practical applications, R2 is usually ﬁxed on the housing
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Figure 4.13. Setup in Romax model.

Table 4.3: Stiﬀness value of the stiﬀness bearing
Components

S1, R1S2, R2, C1C2

Planets

Radial Stiﬀness (106 N/mm)

0.8

1

Radial Stiﬀness (106 N/mm)

0.6

1

Tilt Stiﬀness (109 Nmm/rad)

0.6

1

permanently, and the input is either on the S1 or R1S2, or both, thus only three
power ﬂow conﬁgurations are built in to model.
Since tooth lead modiﬁcation is not the analysis object, to exclude the eﬀect
of the edge contact to the results, lead crowning is added to the baseline model and
kept in all the comparison models. Figure 4.14 and Figure 4.15 demonstrate the
load distribution of planet-sun mesh and planet-ring mesh of both inner gearset and
outer gearset, for before lead modiﬁcation and after lead modiﬁcation. It is clearly

110
seen that contact patterns move to the center of the ﬂank and have gradual and
smoother decreases to both sides of the tooth width. These lead modiﬁcations are
kept in all the following analyses.

Figure 4.14. Contact load distribution before and after lead modiﬁcation is added
for inner planetary gearset.

Figure 4.15. Contact load distribution before and after lead modiﬁcation is added
for outer planetary gearset.
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4.4.2 Modal Analysis
Modal analysis was conducted after the baseline model was setup to reveal
the natural dynamics characteristics of the nested planetary geartrain. Compared to
regular structural modal analysis or experiment in which the object is freely
suspended, geartrain will be torque loaded so that the teeth of each mesh can
interact and gear meshing stiﬀness can be active. Load was applied to S1 so that
both inner gearset and outer gearset are on the load path. First 50 modal modes
were computed and 6 modal shapes of them with corresponding modal frequencies
are illustrated in Figure 4.16. The upper row shows the modal shapes of a single
component such as R2, R1S2 and CC, while lower row shows the modal shapes of
multiple components. When looking on the transverse plane and comparing to Lin
and Parker (1999)’s rotational, translational and planet modes, planetary geartrain
shows additional modes in which members are interacting with each other.

Figure 4.16. Illustrations of modal shapes.

112
Modal ﬂexibility of each gear mesh is also obtained from the analysis and
presented in Figure 4.17. The displacement is normalized to μm per Newton on y
axis and frequency on the x axis. Two relative higher ﬂexibility values are seen for
both inner and outer planetary gearsets at around 2000 Hz and 7000 Hz.

Figure 4.17. Modal ﬂexibility for each mesh. (a) planet and sun gear mesh of inner
gearset. (b) planet and ring gear mesh of inner gearset. (c) planet and sun gear mesh
of outer gearset. (d) planet and ring gear mesh of outer gearset.

4.4.3 Proﬁle Modiﬁcation for Reducing TE
During the gear mesh, the noise and vibration are mainly excited by
ﬂuctuation of TE, due to the rotation-varying meshing stiﬀness. Because of tooth
deﬂection, a leading loaded pair of teeth will distort the engagement of the lagging
teeth pair as they approach each other when the gear are manufactured with perfect
involute proﬁle. Figure 4.18 shows the TE of each mesh in the nested planetary
geartrain. This TE is analyzed based on individual pairs of gears out with putting it
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in the whole geartrain. The load applied is 100 Nm on S1, and the torque on R1S2
and R2 are 205 Nm and 301 Nm which can be calculated through Table 3.4.
Dividing them by four would be toque load for the TE analyses.

Figure 4.18. TE variation of each mesh in the nested planetary geartrain.

Proﬁle modiﬁcation is a way to compensate for the TE by removing a little
bit of material from the perfect involute proﬁle, which is described by the
modiﬁcation function f (x). The strategy to deﬁne the function is utilizing the
stiﬀness curve of a single pair of teeth as shown in Figure 4.4 and 4.5. By ﬂipping
(divided by load) the stiﬀness curve, it become the deﬂection curve. Then the
overall modiﬁcation of the teeth pair is the mirror of the deﬂection curve to cancel it.
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Normally, a ring gear is manufactured by broaching process. It not feasible
to make lead modiﬁcations on the annulus tooth, thus for the internal mesh, the
overall modiﬁcation is fully implemented on the planet. This means both root and
tip relief are needed. For external mesh between sun and planet, some amount of tip
relief is applied on the sun gear. I addition to the existing lead modiﬁcations on the
planets, the overall modiﬁcation (conjugate relief) of mesh in one planetary gearset
is illustrated in Figure 4.19.

Figure 4.19. Illustration of tooth ﬂank modiﬁcation for a planetary gearset

TE analysis was conducted again after inner and outer gearsets are treated
with designated micro geometries. Figure 4.20 is the comparison of TE before and
after modiﬁcation. Because the PPTE is what needs to be addressed, the minimum
TEs are aligned to zero in y direction. It is clear that the amplitudes of the TE
after ﬂank modiﬁcation is much lower than they were before, which means the
excitation source is reduced dramatically. For a preliminary check, the teeth ﬁrst
harmonic amplitude was also compared as shown in Figure 4.21, which indicates the
same reductions.
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Figure 4.20. Modal ﬂexibility for each mesh.

Figure 4.21. Amplitude of the teeth ﬁrst harmonic.
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4.4.4 DFSS for Proﬁle Modiﬁcation
A preliminary involute modiﬁcation selection based on stiﬀness curve of
single teeth pair was introduced in last section. In an actual geartrain, helical gears
are commonly used so that the axial meshing force always leads to misalignment.
Other than involute modiﬁcation which involves involute barreling, root relief start,
tip relief end and involute slope, the lead modiﬁcations related to lead slope
correction and lead crowning are also necessary for reducing the vibrations.
Modiﬁcation parameters selection depend on the gear itself and
environmental conditions including load condition, gear support stiﬀness and shaft
deﬂections. A design of orthogonal experiments was conducted to ﬁnd out an
optimal combination of modiﬁcations. Orthogonality provides the forms of
comparison (contrasts) that can be carried out legitimately and eﬃciently. The four
tooth proﬁle modiﬁcation parameters are shown in Figure 4.22. This includes tip
relief amount, start of relief, slope of lead modiﬁcation and amount of lead crowning
for P1 though P4, respectively.

Figure 4.22. Combination of proﬁle modiﬁcation parameters.

Using an orthogonal array stipulates the way of conducting the minimal
number of experiments but could still give the full information of all the factors that
aﬀect the performance. Nine levels of combinations for each experiment are listed in
Table 4.4.
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Table 4.4: Experiment array
P1 (μm)

P2 (◦ )

P3 (μm)

P4(μm)

L1

5

10

3

0

L2

5

18

5

4

L3

5

23

8

8

L4

10

10

5

8

L5

10

18

8

0

L6

10

23

3

4

L7

15

10

8

4

L8

15

18

3

8

L9

15

23

5

0

After running the simulation by using the parameters as designed for each
experiment, the results were grouped (Figure 4.23 ) with tooth contact distribution,
fast Fourier transformer harmonics, transmission error and misalignment for
evaluation. The distribution evenness, highest amplitude of the harmonics, average
transmission error and average misalignment are the indices for the evaluations
respectively. A regulation was designed as shown in Figure 4.24, so that all the
results can be graded and normalized to a range from 1 to 5. The total grade is the
product of the all the grades in one group.
The above simulation and evaluation were conducted repeatedly for diﬀerent
torques and speeds (work conditions) which are of most concerns for NVH purposes.
The total grades of each level of the experiment was plot versus speed as shown in
Figure 4.25. After using a line to ﬁnd a best ﬁt of data points, the NSI - NVH
suppression Index was developed.
E2
N SI = 20 log 2 2
β σ

(4.6)
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Figure 4.23. Group of results for evaluation including tooth contact distribution (left
upper), tooth harmonics (right upper), misalignment (left lower) and transmission
error (right lower)

Figure 4.24. Regulation for grading the results.

where E is the average, β is the slope of the best ﬁt line, and σ is the mean square
of residuals of the points to the ﬁt line. The example of the NSI and for external
mesh is presented in Table. The NSI for a single parameter is the summation of its
distribution in every experiment.
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Figure 4.25. Best ﬁt line for the NSIs of the multiple work conditions.
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Table 4.5: Experiment array with NSI and best ﬁt line slope
P1 (μm)

P2 (◦ )

P3 (μm)

P4(μm)

NSI

β

L1

5

10

3

0

107.7

0.0248

L2

5

18

5

4

107.7

0.0937

L3

5

23

8

8

91.5

0.0174

L4

10

10

5

8

83.0

0.0270

L5

10

18

8

0

105.0

-0.0144

L6

10

23

3

4

105.0

0.02089

L7

15

10

8

4

89.1

0.0163

L8

15

18

3

8

87.5

0.0236

L9

15

23

5

0

121.7

0.0101

N SI(P 1 − 1) = (N SI(L1) + N SI(L2) + N SI(L3))/3 = 101.3

(4.7)

N SI(P 1 − 2) = (N SI(L4) + N SI(L5) + N SI(L6))/3 = 97.7

(4.8)

N SI(P 1 − 3) = (N SI(L7) + N SI(L8) + N SI(L9))/3 = 99.4

(4.9)

N SI(P 2 − 1) = (N SI(L1) + N SI(L4) + N SI(L7))/3 = 92.3

(4.10)

N SI(P 2 − 2) = (N SI(L2) + N SI(L5) + N SI(L8))/3 = 100.1

(4.11)

N SI(P 2 − 3) = (N SI(L3) + N SI(L6) + N SI(L9))/3 = 97.68

(4.12)

N SI(P 3 − 1) = (N SI(L1) + N SI(L6) + N SI(L6))/3 = 99.1

(4.13)

N SI(P 3 − 2) = (N SI(L2) + N SI(L4) + N SI(L9))/3 = 104.12

(4.14)

N SI(P 3 − 3) = (N SI(L3) + N SI(L5) + N SI(L7))/3 = 94.2

(4.15)

N SI(P 4 − 1) = (N SI(L1) + N SI(L5) + N SI(L9))/3 = 110.5

(4.16)

N SI(P 4 − 2) = (N SI(L2) + N SI(L6) + N SI(L7))/3 = 100.6

(4.17)
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N SI(P 4 − 3) = (N SI(L3) + N SI(L4) + N SI(L8))/3 = 87.3

(4.18)

The calculation of β for single parameter follows the same procedure for both
internal and external meshes. The NSI and the β then are plotted parameter by
parameter respectively as shown in Figure 4.26. The larger NSI indicates more NVH
suppression, which means lower NVH level with the tooth modiﬁcation parameter.
The closer to zero the β is, the less sensitive of the NVH level to the input load.
The red circles enclose the each single parameter which should be chosen at the
highest priority.

Figure 4.26. Decisions of the parameters being selected.

4.5 Future Application for Gear Hobbing Analysis
Gear works in automatic transmission undergo complicated forces, friction
and heat impacts. These factors are decided by the powertrain structure,
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parameters of the vehicle and its working conditions. According to the analytical
results, it is virtually shown that the performance of the target gear, which keep
this gear manufacturing optimization. Figure 4.27 reveals the improvement of the
gear hub teeth optimized by the simulation tool introduced in the last chapter. The
simulation shows the cutting force on cutting edge directly aﬀects the tool life. The
Hob’s tooth proﬁle is a rack which combine two section with slightly diﬀerent
pressure angles. The section closer to bottom has a larger pressure angle which is
for generating the tip relief in the workpiece. The augmented Direct Gear Design
method could be used to describe the hob’s tooth proﬁle, by combining the method
of spatial meshing, so hobbing process model could be analytically modeled for
cutting force estimation.

Figure 4.27. Tool wear rate was reduced after optimized geometry.

4.6 Summary
This chapter provided comprehensive veriﬁcations of gear meshing stiﬀness
aﬀected by tooth proﬁle modiﬁcation by real time simulation with deformable gear
teeth . It was also adopted by multi-body simulation to investigate the nested
planetary geartrain’s dynamics behaviors. The result shows that the proﬁle
estimation based on augmented Direct Gear Design gave a good direction of select
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the modiﬁcation parameters. DFSS method was performed to determine the
combination of proﬁle modiﬁcation parameters under a range of multiple work
conditions. Unfortunately, due to the limitation of software, the impact from the
phasing of the nested planetary gear and the component ﬂexibility were not able to
be explored.
The hobbing process simulation result revealed that the cutting force and
cutting edge temperature were high aﬀected by the cutting teeth geometry which
eventually inﬂuence the tool’s life. Based on the simulation the tool geometry was
modiﬁed and tool life was prolonged. Potentially, the augmented Direct Gear
Design method could be used to describe the hob’s tooth proﬁle, by combining the
method of spatial meshing, so hobbing process model could be analytically modeled
for cutting force estimation.
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CHAPTER 5. CONCLUSIONS AND FUTURE WORKS
This work started with reviewing the transmission noise and vibration on the
root causes and propagation paths, and indicated the gears are the main
contributor. Then sources of gear noise and vibration were discussed in detail. This
included transmission errors, meshing misalignments, meshing stiﬀnesses and other
sources, principally focusing on the parallel axes gear pairs. The countermeasures
were also discussed for each source. Planetary gearset, a epicyclic gear system which
has quite a lot dynamic behaviors was introduced, extensive search was conducted
by scholars, researchers and engineers on this topic. The reviews generally put
eﬀorts on vehicle applications, however wind turbine, machinery and aircraft related
uses were also mentioned. The lumped parameters model was the most common
method employed to discover the inﬂuences of gear meshing stiﬀnesses, planetary
phasing, tooth proﬁle modiﬁcations, and load sharing on planetary gearset dynamic
characteristics, such as vibration mode, forces vibrations, and stabilities. In
addition to those analytical models, research by software simulations was reviewed
as well. Flexible multi-body simulations were broadly applied to overcome the
limitation of rigid body conﬁguration. Compound planetary geartrains have more
central members or planets so that more dynamic actions are coupled together. On
this subject, the dynamic behavior related research was reviewed at the end of the
chapter. In the reviewed literature, the mesh stiﬀness is established in diﬀerent ways
for dynamic models of gear meshing. However, In some simple cases, it is assumed
to be constant. Although some advanced methods were adopted, simpliﬁed stiﬀness
models were still most commonly used as an input to gear mesh dynamic behavior
prediction. Improvement can be developed to make the stiﬀness calculation more
straightforward and practical. Planet phasing plays more important role of aﬀecting
the vibration in one level planetary gear set. However, it is unknown on how its
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behavior is on the nested planetary geartrain. The nested planetary geartrain is
quite suitable to axial space sensitive transmission applications, although its
dynamic naturality still needs further investigation. This dissertation aims to ﬁll the
gap and provide a more comprehensive nested planetary gear train.
The architecture and conﬁgurations of the nested planetary geartrain were
explained. Four groups of 10 conﬁgurations were analyzed on their velocity and
torque delivering characteristics by the Lever Analogy method, and the orders of
the geartrain were also provided. The micro geometry description function was
added to the Direct Gear Design as an augmentation after illustration and
interpretation the area of existence. Based on this, the gear meshing process and
meshing stiﬀness were analyzed analytically. Phasing, a distinctive character of the
planetary gear system was also studied and one additional phasing was brought up
for nested planetary geartrain that was arbitrarily determined in industry. The
machining of outer sun gear by hobbing were briefed and machining process
simulation was presented as well. Based on the simulations, the tool geometry was
modiﬁed and tool life was prolonged.
Gear meshing stiﬀness aﬀected by tooth proﬁle modiﬁcation was studied by
evaluating TE and tooth harmonics. The result shows that the proﬁle estimation
based on augmented Direct Gear Design gave a good direction to select the
modiﬁcation parameters. DFSS method was performed to determine the
combination of proﬁle modiﬁcation parameters under multiple work conditions.
Unfortunately, due to the limitation of software, the impact from the phasing of the
nested planetary gear and the component ﬂexibility were not able to be explored.
Hobbing process simulation result revealed that the cutting force and cutting
edge temperature were highly aﬀected by the cutting teeth geometry which
eventually inﬂuence the tool’s life. The Hob’s tooth proﬁle is a rack which combine
two section with slightly diﬀerent pressure angles that is for proﬁle modiﬁcation
purpose. The augmented Direct Gear Design method could be used to describe the
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hob’s tooth proﬁle, by combining the method of spatial meshing potentially, and the
hobbing process model could be analytically modeled for cutting force estimation.
The future work of this study will focus on more comprehensive
mathematical modeling, analytical and numerical solution of the nested planetary
geartrain dynamic model, and the correlation between the simulation results and
theoretical results. None linear characteristics are also worth exploring. Eventually,
development of best practice procedures should be established for industry to avoid
the vibration issue.
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Barthod, M., Hayne, B., Tébec, J.-L., & Pin, J.-C. (2007). Experimental study of
dynamic and noise produced by a gearing excited by a multi-harmonic
excitation.pdf. Applied Acoustics, 68 (9), 182–1002. doi:
https://doi.org/10.1016/j.apacoust.2006.04.012
Bellomo, P., Cricenti, F., De Vito, N., Lang, C.-h., & Minervini, D. (2000).
Innovative Vehicle Powertrain Systems Engineering: Beating the Noisy
Oﬀenders in Vehicle Transmissions. In Sae technical papers. doi:
10.4271/2000-01-0033
Benford, H. L., & Leising, M. B. (1981). The Lever Analogy : A New Tool in
Transmission Analysis. Proceedings of International Congress and
Exposition, 1 (810102), 1–12. doi: 10.4271/810102
Bonori, G., Barbieri, M., & Pellicano, F. (2008). Optimum proﬁle modiﬁcations of
spur gears by means of genetic algorithms. Journal of Sound and Vibration,
313 , 603–616. doi: 10.1016/j.jsv.2007.12.013
Botmart, M. (1976). Epicyclic Gear Vibrations. ASME. J. Eng. Ind., 98 (3),
811–815. doi: 10.1115/1.3439034.
Brauer, J. (2004). A general ﬁnite element model of involute gears Jesper. Finite
Elements in Analysis and Design, 40 , 1857–1872.
Bruyère, J., & Velex, P. (2014). A simpliﬁed multi-objective analysis of optimum
proﬁle modiﬁcations in spur and helical gears. Mechanism and Machine
Theory, 80 , 70–83. Retrieved from
http://dx.doi.org/10.1016/j.mechmachtheory.2014.04.015 doi:
10.1016/j.mechmachtheory.2014.04.015
Cai, Y. (1995). Simulation on the Rotational Vibration of Helical Gears Considered
Tooth Separation. 1st Report. A New Stiﬀness Function of Helical Involute
Tooth Pair. Transactions of the Japan Society of Mechanical Engineers
Series C , 117 , 460–469. doi: 10.1299/kikaic.62.705
Chaari, F., Fakhfakh, T., & Haddar, M. (2009). Analytical investigation on the
eﬀect of gear teeth faults on the dynamic response of a planetary gear set.
Noise & Vibration Worldwide, 37 (September), 9–15. doi:
10.1260/095745606778600857
Chen, Z., & Shao, Y. (2013, April). Mesh stiﬀness calculation of a spur gear pair
with tooth proﬁle modiﬁcation and tooth root crack. Mechanism and
Machine Theory, 62 , 63–74. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0094114X12002248
doi: 10.1016/j.mechmachtheory.2012.10.012
Chen, Z., Shao, Y., & Su, D. (2013, December). Dynamic simulation of planetary
gear set with ﬂexible spur ring gear. Journal of Sound and Vibration,
332 (26), 7191–7204. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0022460X1300672X
doi: 10.1016/j.jsv.2013.07.026
Chung, C.-h. J., Steyer, G., Abe, T., Clapper, M., & Shah, C. (1999, may). Gear
Noise Reduction through Transmission Error Control and Gear Blank

129
Dynamic Tuning. In Proceedings of the 1999 noise and vibration conference
(p. 342). Traverse City, Michigan: SAE Digital Library. Retrieved from
http://papers.sae.org/1999-01-1766/ doi: 10.4271/1999-01-1766
Cooley, C. G., & Parker, R. G. (2013). Mechanical stability of high-speed planetary
gears. International Journal of Mechanical Sciences, 69 , 59–71. Retrieved
from http://dx.doi.org/10.1016/j.ijmecsci.2013.01.025 doi:
10.1016/j.ijmecsci.2013.01.025
Cooley, C. G., & Parker, R. G. (2014). A Review of Planetary and Epicyclic Gear
Dynamics and Vibrations Research. Applied Mechanics Reviews, 66 (4),
040804. doi: 10.1115/1.4027812

Cornell, R. W. (1981). Compliance and Stress Sensitivity of Spur Gear Teeth.
Journal of Mechanical Design, 103 (2), 447. Retrieved from
http://mechanicaldesign.asmedigitalcollection.asme.org/article.aspx?articleid
doi: 10.1115/1.3254939
Cunliﬀe, F., Smith, J., & Welbourn, D. (1974). Dynamic Tooth Loads in Epicyclic
Gears. ASME. J. Eng. Ind., 96 (2), 578–584. doi: 10.1115/1.3438367.
Dhouib, S., Hbaieb, R., Chaari, F., Abbes, M. S., Fakhfakh, T., & Haddar, M.
(2008). Free vibration characteristics of compound planetary gear train sets.
Proceedings of the Institution of Mechanical Engineers, Part C: Journal of
Mechanical Engineering Science, 222 (8), 1389–1401. Retrieved from
http://journals.sagepub.com/doi/10.1243/09544062JMES870 doi:
10.1243/09544062JMES870
Dimitriou, V., & Antoniadis, A. (2009). CAD-based simulation of the hobbing
process for the manufacturing of spur and helical gears. International
Journal of Advanced Manufacturing Technology, 41 (3-4), 347–357. doi:
10.1007/s00170-008-1465-x
Dong, X., Liao, C., Shin, Y. C., & Zhang, H. H. (2016). Machinability improvement
of gear hobbing via process simulation and tool wear predictions.
International Journal of Advanced Manufacturing Technology, 86 (9-12),
2771–2779. Retrieved from
http://dx.doi.org/10.1007/s00170-016-8400-3 doi:
10.1007/s00170-016-8400-3
Dopfert, H., Bucher, A., Ziemer, P., & Hantke, U. (2013). Planetary gearbox having
nested planetary gear stages (Vol. 1) (No. 1). doi: 10.1126/science.Liquids
Dudley, D. W. (1949). Modiﬁcation of Gear Tooth. Product Engineering, 126–131.
Ericson, T. M., & Parker, R. G. (2013). Planetary gear modal vibration
experiments and correlation against lumped-parameter and ﬁnite element
models. Journal of Sound and Vibration, 332 (9), 2350–2375. Retrieved from
http://dx.doi.org/10.1016/j.jsv.2012.11.004 doi:
10.1016/j.jsv.2012.11.004
Ericson, T. M., & Parker, R. G. (2014). Experimental measurement of the eﬀects of
torque on the dynamic behavior and system parameters of planetary gears.
Mechanism and Machine Theory, 74 , 370–389. Retrieved from
http://dx.doi.org/10.1016/j.mechmachtheory.2013.12.018 doi:
10.1016/j.mechmachtheory.2013.12.018

130
Eritenel, T., & Parker, R. G. (2009, August). Modal properties of three-dimensional
helical planetary gears. Journal of Sound and Vibration, 325 (1-2), 397–420.
Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0022460X09002211
doi: 10.1016/j.jsv.2009.03.002
Fang, Z. D., Wang, F., & Li, S. J. (2012, October). Nonlinear Dynamic Analysis of
Helical Gear Considering Meshing Impact. Applied Mechanics and Materials,
201-202 , 135–138. Retrieved from
http://www.scientific.net/AMM.201-202.135 doi:
10.4028/www.scientiﬁc.net/AMM.201-202.135
Fernandez del Rincon, a., Viadero, F., Iglesias, M., Garcı́a, P., De-Juan, a., &
Sancibrian, R. (2013, March). A model for the study of meshing stiﬀness in
spur gear transmissions. Mechanism and Machine Theory, 61 , 30–58.
Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0094114X1200208X
doi: 10.1016/j.mechmachtheory.2012.10.008
Fuchun, Y., Jutao, Z., Xiaojun, Z., & Hongqing, Z. (2011). Axial Thrust Force of
Compound Planetary Spur Gear Set. Journal of Mechanical Design, 133 (9),
091004. doi: 10.1115/1.4004806
Gawande, S. H., & Shaikh, S. N. (2014). Experimental Investigations of Noise
Control in Planetary Gear Set by Phasing. Journal of Engineering (United
States), 2014 . doi: 10.1155/2014/857462
Ghribi, D., Bruyere, J., Velex, P., Octrue, M., & Haddar, M. (2012). A
Contribution to the Design of Robust Proﬁle Modiﬁcations in Spur and
Helical Gears by Combining Analytical Results and Numerical Simulations.
Journal of Mechanical Design, 134 (6), 061011. doi: 10.1115/1.4006740
Glynn, C. D. (2005). NOISE-CON 2005 Vibro-Acoustic Prediction of Low-Range
Planetary Gear Noise of an Automotive Transfer Case. In Noise-con 2005.
Minneapolis, Minnesota.
GmbH, M. K. (2018). nested.pdf. Retrieved from
https://www.maul-konstruktionen.de/eng/kombinierte planetengetriebe e.php
Gu, X., & Velex, P. (2013, March). On the dynamic simulation of eccentricity errors
in planetary gears. Mechanism and Machine Theory, 61 , 14–29. Retrieved
from
http://linkinghub.elsevier.com/retrieve/pii/S0094114X12002029
doi: 10.1016/j.mechmachtheory.2012.10.003
Guo, Y., Eritenel, T., Ericson, T. M., & Parker, R. G. (2013). Vibro-acoustic
propagation of gear dynamics in a gear-bearing-housing system. Journal of
Sound and Vibration, 333 (22), 5762–5785. Retrieved from
http://dx.doi.org/10.1016/j.jsv.2014.05.055 doi:
10.1016/j.jsv.2014.05.055
Guo, Y., & Parker, R. G. (2010a, March). Purely rotational model and vibration
modes of compound planetary gears. Mechanism and Machine Theory,

131
45 (3), 365–377. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0094114X09001578
doi: 10.1016/j.mechmachtheory.2009.09.001
Guo, Y., & Parker, R. G. (2010b). Sensitivity of General Compound Planetary Gear
Natural Frequencies and Vibration Modes to Model Parameters. Journal of
Vibration and Acoustics, 132 (1), 011006. doi: 10.1115/1.4000461
Guo, Y., & Parker, R. G. (2011). Analytical determination of mesh phase relations
in general compound planetary gears. Mechanism and Machine Theory,
46 (12), 1869–1887. Retrieved from
http://dx.doi.org/10.1016/j.mechmachtheory.2011.07.010 doi:
10.1016/j.mechmachtheory.2011.07.010
Guo, Y., & Parker, R. G. (2012). Dynamic Analysis of Planetary Gears With
Bearing Clearance. Journal of Computational and Nonlinear Dynamics,
7 (4), 041002. doi: 10.1115/1.4005929
Haigh, J., Hofmann, D. a., & Bicker, R. (2007, January). Validation of a software
tool for optimizing the design of low noise, high strength gears. Proceedings
of the Institution of Mechanical Engineers, Part G: Journal of Aerospace
Engineering, 221 (1), 73–84. Retrieved from
http://pig.sagepub.com/lookup/doi/10.1243/09544100JAERO67 doi:
10.1243/09544100JAERO67
Harris, S. L. (1958). Dynamic Loads on the Teeth of Spur Gears. Proceedings of
International Congress and Exposition, 172 , 87–112.
He, S., Gunda, R., & Singh, R. (2007, April). Eﬀect of sliding friction on the
dynamics of spur gear pair with realistic time-varying stiﬀness. Journal of
Sound and Vibration, 301 (3-5), 927–949. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0022460X06008418
doi: 10.1016/j.jsv.2006.10.043
Hedlund, J., & Lehtovaara, A. (2007, April). Modeling of helical gear contact with
tooth deﬂection. Tribology International , 40 (4), 613–619. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0301679X05003208
Hedlund, J., & Lehtovaara, a. (2008, July). A parameterized numerical model for
the evaluation of gear mesh stiﬀness variation of a helical gear pair.
Proceedings of the Institution of Mechanical Engineers, Part C: Journal of
Mechanical Engineering Science, 222 (7), 1321–1327. Retrieved from
http://pic.sagepub.com/lookup/doi/10.1243/09544062JMES849 doi:
10.1243/09544062JMES849
Helsen, J., Vanhollebeke, F., Marrant, B., Vandepitte, D., & Desmet, W. (2011).
Multibody modelling of varying complexity for modal behaviour analysis of
wind turbine gearboxes. Renewable Energy, 36 (11), 3098–3113. doi:
10.1016/j.renene.2011.03.023
Henriksson, M. (2009). On noise generation and dynamic transmission error of
gears (Tech. Rep.). Stockholm: Department of Aeronautical and Vehicle
Engineering. Retrieved from
http://www.diva-portal.org/smash/get/diva2:285792/fulltext01

132
Hsi Lin, H., Oswald, F. B., & Townsend, D. P. (1994). Dynamic loading of spur
gears with linear or parabolic tooth proﬁle modiﬁcations. Mechanism and
Machine Theory, 29 (8), 1115–1129. doi: 10.1016/0094-114X(94)90003-5
Huang, J. C., & Abram, K. R. (1999). Cummins 4B Noise Reduction Anti-Backlash
Camshaft Gear. In Proceedings of the 1999 noise and vibration conference
(p. 342). Traverse City, Michigan: Society of Automotive Engineers. doi:
10.4271/1999-01-1761
Inalpolat, M., & Kahraman, A. (2008). Dynamic modelling of planetary gears of
automatic transmissions. Proceedings of the Institution of Mechanical
Engineers, Part K: Journal of Multi-body Dynamics, 222 (3), 229–242. doi:
10.1243/14644193JMBD138
ISO6366-1:2006-09(E). (2006). ISO 6366-1:2006-09(E).
Jin, X., Li, L., Ju, W., Zhang, Z., & Yang, X. (2016). Multibody modeling of
varying complexity for dynamic analysis of large-scale wind turbines.
Renewable Energy, 90 , 336–351. Retrieved from
http://dx.doi.org/10.1016/j.renene.2016.01.003 doi:
10.1016/j.renene.2016.01.003
Kahraman, A. (1994). Planetary Gear Train Dynamics. JASME. J. Mech. Des.,
116 (3), 713. doi: 10.1115/1.2919441.
Kahraman, A. (1999). Static Load Sharing Characteristics of Transmission
Planetary Gear Sets : Model and Experiment. In Transmission and driveline
systems symposium (pp. 1–10). Detroit. doi: 10.4271/1999-01-1050
Kahraman, A. (2001). Free torsional vibration characteristics of compound
planetary gear sets. Mechanism and Machine Theory, 36 (8), 953–971. doi:
10.1016/S0094-114X(01)00033-7
Kahraman, A., Kharazi, A. A., & Umrani, M. (2003). A deformable body dynamic
analysis of planetary gears with thin rims [5]. Journal of Sound and
Vibration, 262 (3), 752–768. doi: 10.1016/S0022-460X(03)00122-6
Kahraman, A., Ozguven, H. N., Houser, D. R., & Zakrajsek, J. J. (1990). Dynamic
Analysis Of Geared Rotors by Finite Elements (Tech. Rep.). Cleveland:
NASA Lewis Research Center. Retrieved from
http://www.dtic.mil/get-tr-doc/pdf?AD=ADA230898
Kahraman, A., & Vijayakar, S. (2001). Eﬀect of Internal Gear Flexibility on the
Quasi-Static Behavior of a Planetary Gear Set. Journal of Mechanical
Design, 123 (3), 408–415. doi: 10.1115/1.1371477
Kapelevich, A. L. (2013). Direct gear design. Boca Raton,: CRC Press.
R for
Kapelevich, A. L., & Mcnamara, T. M. (2005). Direct Gear Design ±
Automotive Applications. SAE International , 1–9.

Kim, W., Lee, J. Y., & Chung, J. (2012, may). Dynamic analysis for a planetary
gear with time-varying pressure angles and contact ratios. Journal of Sound
and Vibration, 331 (1), 883–901. doi: 10.1016/j.jsv.2011.10.007

133
Kiracofe, D. R., & Parker, R. G. (2007). Structured Vibration Modes of General
Compound Planetary Gear Systems. Journal of Vibration and Acoustics,
129 (1), 1. doi: 10.1115/1.2345680
Kubo, a. (1978). Stress Condition, Vibrational Exciting Force, and Contact Pattern
of Helical Gears with Manufacturing and Alignment Error. Journal of
Mechanical Design, 100 (January 1978), 77. doi: 10.1115/1.3453898
Li, S. (2007, January). Finite element analyses for contact strength and bending
strength of a pair of spur gears with machining errors, assembly errors and
tooth modiﬁcations. Mechanism and Machine Theory, 42 (1), 88–114.
Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0094114X06000280
Li, S. (2008, December). Eﬀect of addendum on contact strength, bending strength
and basic performance parameters of a pair of spur gears. Mechanism and
Machine Theory, 43 (12), 1557–1584. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0094114X08000049
doi: 10.1016/j.mechmachtheory.2007.12.010
Liang, X., Zuo, M. J., & Patel, T. H. (2013, April). Evaluating the time-varying
mesh stiﬀness of a planetary gear set using the potential energy method.
Proceedings of the Institution of Mechanical Engineers, Part C: Journal of
Mechanical Engineering Science, 228 (3), 535–547. Retrieved from
http://pic.sagepub.com/lookup/doi/10.1177/0954406213486734 doi:
10.1177/0954406213486734
Ligata, H., Kahraman, A., & Singh, A. (2008). An Experimental Study of the
Inﬂuence of Manufacturing Errors on the Planetary Gear Stresses and Planet
Load Sharing. Journal of Mechanical Design, 130 (4), 041701. doi:
10.1115/1.2885194
Lin, J., & Parker, R. G. (1999). Analytical Characterization of the Unique
Properties of Planetary Gear Free Vibration. Journal of Vibration and
Acoustics, 121 (3), 316–321. doi: 10.1115/1.2893982
Lin, J., & Parker, R. G. (2002). Planetary Gear Parametric Instability Caused by
Mesh Stiﬀness Variation. Journal of Sound and vibration, 249 (1), 129–145.
doi: 10.1006/jsvi.2001.3848
Litvin, F., Gonzalez-Perez, I., Fuentes, a., Hayasaka, K., & Yukishima, K. (2005,
November). Topology of modiﬁed surfaces of involute helical gears with line
contact developed for improvement of bearing contact, reduction of
transmission errors, and stress analysis. Mathematical and Computer
Modelling, 42 (9-10), 1063–1078. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0895717705003626
doi: 10.1016/j.mcm.2004.10.028
Litvin, F. L. (1989). Theory of gearing. Cambridge: NASA Reference Publication.
Litvin, F. L., & Fuentes, A. (2004). Gear Geometry and Applied Theory (2nd ed.).
Cambridge: Cambridge University Press.

134
Litvin, F. L., Vecchiato, D., Demenego, a., Karedes, E., Hansen, B., & Handschuh,
R. (2002). Design of One Stage Planetary Gear Train With Improved
Conditions of Load Distribution and Reduced Transmission Errors. Journal
of Mechanical Design, 124 (4), 745. doi: 10.1115/1.1515797
Liu, G., & Parker, R. G. (2008). Dynamic Modeling and Analysis of Tooth Proﬁle
Modiﬁcation for Multimesh Gear Vibration. Journal of Mechanical Design,
130 (12), 121402. doi: 10.1115/1.2976803
Liu, G., & Parker, R. G. (2009, March). Impact of tooth friction and its bending
eﬀect on gear dynamics. Journal of Sound and Vibration, 320 (4-5),
1039–1063. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0022460X08007372
doi: 10.1016/j.jsv.2008.08.021
Maclennan, L. D. (2002). An analytical method to determine the in uence of shape
deviation on load distribution and mesh stiﬀness for spur gears. Proc Instn
Mech Engrs Part C: J Mechanical Engineering Science, 216 (July),
1005–1016.
Mark, W., & Reagor, C. (2007, February). Static-transmission-error
vibratory-excitation contributions from plastically deformed gear teeth
caused by tooth bending-fatigue damage. Mechanical Systems and Signal
Processing, 21 (2), 885–905. Retrieved from
http://linkinghub.elsevier.com/retrieve/pii/S0888327006001154
doi: 10.1016/j.ymssp.2006.05.002
Marusich, T. D., & Ortiz, M. (1995). Modelling and simulation of high speed
machining. International Journal for Numerical Methods in Engineering,
38 (January), 3675–3694. doi: 10.1002/nme.1620382108
Miura, Y., & Nakamura, S. (1998). Gear rattling noise analysis for a diesel engine.
In European conference on vehicle noise and vibration (pp. 3 – 11). London.
Mohammed, O. D., Rantatalo, M., & Aidanpää, J.-O. (2013, December). Improving
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